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Some aspects of the functional RG (FRG) approach to pinned elastic manifolds (of internal 
dimension d) at finite temperature T > are reviewed and reexamined in this much expanded 
version of [Europhys. Lett. 76 457 (2006)]. The particle limit d = provides a test for the 
theory: there the FRG is equivalent to the decaying Burgers equation, with viscosity v ^ T - both 
QQ ' being formally irrelevant. An outstanding question in FRG, i.e. how temperature regularizes the 

' otherwise singular flow of T = FRG, maps to the viscous layer regularization of inertial range 

, Burgers turbulence (i.e. to the construction of the inviscid limit). Analogy between Kolmogorov 

^Sj ' scaling and FRG cumulant scaling is discussed. First, multi-loop FRG corrections are examined 

— ' and the direct loop expansion at T > is shown to fail already in d = 0, a hierarchy of ERG 

equations being then required (introduced in [L. Balents and P. Le Doussal, Annals of Physics 315 
. 213 (2005)]). Next we prove that the FRG function R{u) and higher cumulants defined from the 

' field theory can be obtained for any d from moments of a renormalized potential defined in an sliding 

harmonic well. This allows to measure the fixed point function R{u) in numerics and experiments. 
In d = the beta function (of the inviscid limit) is obtained from first principles to four loop. For 
(— I ' ' Sinai model (uncorrelated Burgers initial velocities) the ERG hierarchy can be solved and the exact 

(-H I function R{u) is obtained. Connections to exact solutions for the statistics of shocks in Burgers and 

I , to ballistic aggregation is detailed. A relation is established between the size distribution of shocks 

_ ^ ' and the one for droplets. A droplet solution to the ERG functional hierarchy is found for any d, 

and the form of R{u) in the thermal boundary layer is related to droplet probabilities. These being 
known for the d = Sinai model the function R{u) is obtained there at any T. Consistency of the 
■ e = 4 — d expansion in one and two loop FRG is studied from first principles, and connected to 

shock and droplet relations which could be tested in numerics. 
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I. INTRODUCTION 



overview 



Success of field theory and renormalization methods for pure systems usually stems from being able to identify a few 
• relevant operators, usually from symmetry, and control them in some e.g. dimensional expansion in order to obtain 
universal quantities^ (independent of short scale details, i.e. a continuum renormalizable limit). Extending these 
OO , methods to systems with quenched disorder presents new challenges. Often those exhibit strong disorder regimes, 
' or glass phases, signaled by a flow away from weak coupling of some operators associated to disorder. However the 
^ , question of what is really a relevant quantity in a random system is quite delicate. Often these fast growing operators 
represent high moments of the probability distribution of some observables over samples. Thus they may be associated 
. ^ with far tails of these distributions i.e. to ultra rare events, and may not be that important in the end (if their feedback 
■ into typical events is negligible) . A better strategy is then to focus on the RG flow of probability distributions which 
contain information about typical events. This is what functional RG methods aim to do, and why they are needed 
in disordered systems. 2D disordered Coulomb gases (DCG) for instance exhibit a frozen phase which at first appears 
non perturbative, since the average charge fugacity grows with the scale. The RG flow for the typical fugacity however 
becomes different from the average one in that phase, and turns out to be manageableS^^iii, through control of the 
probability distribution. The same mechanism is at play in related 2D fermion models with quenched disorder and 
leads to freezing transitions^i^ii. Another example of a strong disorder phase which can be controled by RG methods 
arises in one dimensional quantum and classical random chains. There, a (stochastic) real space RG (RSRG) which 
also decimates in energy space is well adapted to the structure of the strong disorder fixed point (FP). It requires 
consideration of probability distributions and yields a host of exact results^i^ i^^'^^ . An outstanding question is how 
general this is, whether other systems can be treated in that way, and whether a unified (functional) RG approach to 
strong disorder problems can be found. 

Here we focus on pinned elastic objects, one of the simplest class of systems which form glass phases where 
temperature (thermal fluctuations) is formally irrelevant. We investigate some properties of the functional RG method 
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to describe these systems, and the issues to be solved. The standard model involves an elastic manifold of internal 
dimension d parameterized by a displacement field noted Ur^ = u{x) (which may have TV-components Ux)- The energy 
in a given sample (i.e. one realization of V{u,x)) is given by: 

Hv[u]= J d'^x^iiV^u)^ +m^ul) + V{ux,x) (1) 

where the random potential lives in a d + dimensional space. Its distribution can be chosen gaussian with second 
cumulant: 

Viu, x)V{u', x') = S'^ix - x')R{u - u') (2) 



and V{u, x) = where — describes average over samples. Being the bare disorder one usually denotes this function 
as Rq(u), while R{u) denotes the renormalized, or coarse grained disorder, precisely defined in this paper. However 
in this introduction section we will not keep the distinction. A small confining parabolic potential (the mass term) 
is added for convenience and provides an infrared cutoff at large length scale L„i ^ 1/m. We do not review here the 
numerous numerical and analytical studies of this problem, nor the many applications to physical systems (see e.g. 
Reffi^i^iHi^il^ for references). Pedagogical notes about the FRG method, following the plan of this introduction can 
be found i n^^i^^ . An introductory review is given irJ-^''^'^ where many references can be found. 

Here we just recall a few important facts. There are three main classes depending on whether the function R{u) 
is (i) periodic, then it describes periodic objects such as lattices with substrate impurities, (ii) short range, typically 
describing Ising domain walls with random bonds, (iii) long range, typically Ising domain walls with random field 
disorder. The minimal energy ground state configuration (unique for finite size and continuous distribution), here 
denoted ui{x) = uix, is known to be rough with roughness exponent ui{x) ~ x^. This is mostly from numerics and 
from very few exact2i*2Sii2i or rigorous^'^-^^ results, i.e C = 2/3 for the directed polymer d = N = 1. Universality 
classes are expected to depend on N,d and the symmetries and boundary conditions on R{u) (mentionned qbove). 
The minimum energy E = Hv[ui\ fluctuates wildly from sample to sample with a width 5E ~ , with 9 = d—2 + 2(^ 
(a relation guaranteed by the statistical translational invariance of the disorder, the so called STS symmetr y^^i^^ ). 
Here and below L is system size. On a qualitative level, since the manifold sees an energy landscape with roughness 

, equilibrium at non zero temperature T > does not alter the T — picture, i.e. the manifold remains localized 
near ui{x). The proper rescaled temperature Tl ^ TL^^ flows to zero, and the system is in a glass phase controlled 
by a zero temperature FP (whenever 9 > 0). It is important to stress that the long range case (iii) has a non trivial 
and quite useful d — limit, the so-called toy model, one instance being the famous Sinai model of a particle in a 
Brownian landscape (which is the d = limit of random field disorder—). 

Temperature is irrelevant, however even at very low T there are some accidental quasi-degeneracies where the 
energy difference between two (or more) low lying configurations ui{x) and ^2(2^) happen to be of order T. Then 
the (normalized) Gibbs measure e~^^'^^^^^ jZ is splitted between two (or more) states. How rarely it happens is 
not settled yet. The droplet picture (or scenario) assume a^^i'^°'^^ that quasi-degeneracies of two states differing only 
below scale L happen more and more rarely, with probability pl ~ TL~^ as L grows large. It also assumes a kind of 
statistical independence of these rare events so that quasi-degeneracies between more than two states are negligibly 
rare. By contrast, the many pure states picture (based e.g. on the replica symmetry breaking (RSB) saddle point 
for infinite A''—) finds that these quasi-degeneracies (within T) always occur (i.e. at any T > 0). For manifolds, 
numerical studies'^'^ seem to disfavor the many pure state picture at least for small N and d. The marginal case 9 = 
is of particular interest, and may be intermediate- (the DCG mentionned above falls in that class). In any case, even 
within the droplet scenario these rare events produce large effects. The exact identity (from STS) for thermal (i.e. 
connected) correlation (in Fourier): 

T 

{UqU.g) - {Ug) {U-g) = — ^ (3) 

where (..) denotes thermal average over the Gibbs measure in a given sample, suggests that although the typical 
Su = u — (u) is small, Sutyp ~ 0(1), Su can be large, 6u ~ L^, with probability TL~^, yielding a net result after 
disorder (i.e. sample) averaging (Jw)^" ~ y7^2(n-i)c+2-d^ Thus certain correlation functions (thermal correlations) 
are dominated by rare events. As emphasized in^ii^^ a challenge for the field theory is to be able to describe both (i) 
typical events, i.e. zero temperature correlations encoding the full ground state statistics of ui{x) (believed, surely 
not yet proved, to be critical and universal), and (ii) significant rare events, i.e. the ones which would lead to universal 
behaviour in thermal correlations. An important question is whether these are two decoupled sectors or how much 
mutual feedback they enjoy. 
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These correlations can be computed from the rephcated partition function and action, Zp ^ J DuaC a = 1, ..p, 
with: 

-^M = ^ E / d'^(y^^af + m'wL - ^ E / ^'^^K- - ^b.) (4) 

a ab 

and the fields Ua(a;) = Uax have been introduced (not to be confused with the uix introduced above). Various thermal 
and disorder averages are encoded through averages with distinct replicas (WaJ--w"^)5 = ..(«)"■'= and here and 
below the p = limit is implicit (space indices suppressed). The disorder average couples the replica, and their 
interaction is precisely R{u). This is a convenient tool to perform perturbative calculations, although equivalent to 
direct perturbation theory in given sample, averaging later. 

It was observed long ago that weak disorder becomes relevant, and the manifold rough, for d < dc = 4:. The bare 
disorder being smooth, perturbation theory can be performed in the derivatives i?(^"'(0). If only i?"(0) were non 
zero, i.e. keeping only the quadratic part of S[u\ in one obtains (upon replica inversion): 

(uty^) = -Y^Sab + R"{0) , (5) 
^ ^ q'' + (q^ + m'^Y 

i.e. dc — 4: appears through the propagator and u ^ x^^ with (l = (4 — rf)/2, the so-called Larkin model^l. Since 
simple power counting at the Larkin fixed point (FP) shows that the coefficient of the u^" interaction, i.e. i?^^"^ (0) 
grows with scale as i,^-d+{2n-4)c ^ expects that adding all these n > 1 non-linearities would yield flow away from 
the Larkin FP and produce a non trivial ^. Amazingly, and quite distinctly from more standard field theory (FT), 
one finds that at T = the corrections due to these non linearities all cancel in any (smooth) observable, i.e. ([5]) is 
exact. This is the celebrated dimensional reduction (DR) property^ which also occurs in more complicated, random 
field models^^i^. It is in general a (all-order) perturbative statement''^, assuming that R{u) is analytic at w = 0. 

It was shown by Fisher— that already at the one loop level the functional RG equation for the function R{u) at 
T = yields flow outside the space of the analytic functions. Fixed point functions with a linear cusp, R*"{u) ^ \u\, 
were foun d^^'^^ . They are uniformly 0(e) with e = A — d and thus yield non trivial C — 0(e), evading DR. The physics 
of the cusp was argued^ to be related to existence of many metastable states (see below) . One loop FRG has been 
applied to numerous models and physical systems for two decades, including the depinning transition^^ii^, moving 
systemsi^, quantum systems and correlated disorde r^^i^'^i^^ . Amazingly then and for almost fifteen years, it was not 
been extended to higher loop, nor its consistency (even at one loop) really checked! Given its usefulness, this was an 
uncomfortable situation. Claims that it could not yield a consistent e expansion beyond leading order^- may have 
discouraged efforts. However, these were based on a toy model for which we now know that FRG works to all orders 
(see below). It is true however that handling multiple minima intuitively appear as a non perturbative problem, so it 
remains to be understood precisely how it can ever be controlled. 



B. review of our previous work 

In a series of works we attempted to make progres o^^'^'^i^^'^^i^^'^^i^^ . First we identified the problem. Because of 
the cusp, i?"'(0+) = —R"'{0~) ^ 0, ambiguities arise in T = calculations of the beta function at two loop level, and 
even already in the one loop corrections to correlations. Schematically there is no obvious way to interpret a i?"'(0) 
in a graph, or, phrased otherwise, perturbation theory requires evaluations of derivatives atu = 0, while only the left 
and right derivatives are known. Thus it appears that some additional information about the physics of the system 
is necessary to continue the calculation. Furthermore it is crucial information since DR suggests, and calculations 
confirm, that all the physics is contained in these singularities. 

We have followed two routes in parallel. The first one is heuristics. One physical requirement is the existence of a 
continuum limit, i.e. a renormalizable field theory (RFT). Since one loop counterterms are found to be unambiguous, 
this requirement strongly points to a simple prescription^^ to lift ambiguities at two loop in the case A'^ = 1. It then 
yields a candidate field theory with nice properties: renormalizable to two loop, preserving the linear cusp, and yielding 
reasonable predictions for ^ to next order in e. It also suggests more powerful "prescriptions" to lift ambiguities and 
produces a three loop RFTSi. This route is more delicate for A^-component manifolds and random field sigma models, 
but has also been attempted ther o^^i^^'^" . These theories are in a sense the most natural candidates RFT. 

Another route is to attempt to construct the field theory from first principles. At zero temperature, this was 
possible in two cases: depinning and large N. The depinning transition is continuously related to statics, since the 
system remains pinned in presence of an additional force / until the threshold is reached f = fc (in fact, to one 
loop^i^ the depinning FP (and beta function) is identical to the statics one). However at / = /+, and for A^ = 1, 
the famous Middleton theorem^^ shows that dtUxt > (in the stationary state, or at any time if the initial condition 
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satisfies it). With this additional information, one can compute all graphs without ambiguities (within the dynamical 
formalism) and check that the theory is indeed renormalizable to two loop ^^'^^ . This provides an instructive and 
controlled higher loop extension of the theory. Since the same theorem indicates also a unique state, one may wonder 
whether A'^ = 1 depinning is, in a sense, simpler, the challenge in the statics being to treat multiple quasi-degenerate 
minima. Progress in the statics was possible in the large N limit, the second "solvable" case. There, it was shown^ 
that the FRG yields the contribution of the most distant states in the RSB solution of Mezard and Parisi'^^. Further 
aspects of this connection were elucidated more recentlyS2,. It still remains to be understood though whether this is 
not a rather peculiar limit (i.e. whether large but finite N be different from infinite N). 

The most natural idea for a first principle understanding of FRG is to perform it at non zero temperature T > 0. 
Then one finds (in some cases) that the effective action remains smooth and there are no ambiguities. The price to pay 
is that it is far more complicated to implement since one must keep track of an irrelevant variable, the temperature. 
On the other hand, the physics is then more accessible. Let us summarize our recent results in that direction. 

First we have argued for the existence of a "thermal boundary layer" (TBL) in the effective action^i^i^ which 
describes how the temperature rounds the cusp, e.g. in R"{u), on scales u ~ Tl- For fixed u — 0(1), R{u) converges 
to the non analytic fixed point as L — s- oo, but for u ~ Tl, R{u) is an analytic function (which is novel and is not 
encoded in the T — fixed point). We have show n'^'^i^^ that not just the second cumulant, but all cumulants possess 
TBL analytic scaling forms and derived the FRG equations which couple all of them. This was done within the 
Wilson one loop approach. To be more systematic we have used exact RG schemes (ERG)2ii^ extending previous 
studiea^i^!^. In particular we could analyze in a non perturbative manner the exact FRG equation for the useful 
limit d = 0. Second, we have shown that these TBL forms reproduce the scaling expected for correlations from the 
droplet picture^iS. The TBL thus appears to encode for droplet probabilities. 

The ultimate goal is to understand how a critical theory emerges in the large system size limit L — > oo, i.e. how, 
starting from a non zero bare temperature, the limit Tl = TL^^ — > can produce an asymptotic "zero temperature 
theory" with all ambiguities resolved. It requires solving the so-called matching problem: one wants to connect 
information about e.g. R{u) for u ^ 0(1) (which is what the e expansion a priori computes), to derivatives of R{u) 
at M = 0, needed to compute correlations, which a priori requires knowledge of the function within the TBL u Tl- 
We have progressed towards that goal in the toy model d — 0. By considering partial boundary layers, i.e. how 
renormalized disorder cumulants behave when multiple points are brought within u ^ Tl, we have been able to show 
how to derive a beta function for the T — theory. Extensions to higher d and N have been attempted but are not 
yet conclusive^i^. 



C. aim of the present paper and outline 

The aim of the present paper is to investigate further the first principle approach to FRG at non zero temperature. 
It is partially a review, as far as explaining what has been already achieved. We also derive some new results, clarify 
some points from our previous works and detail some connections to other problems and models such as the decaying 
Burgers equation and ballistic agregation. Some of the results have already appeared in^i. The present paper is a 
much expanded version of Ref.®^, giving all detailed derivations, and presenting all the tools, which we hope will 
be useful. Since it took much time to be completed, some companion works, sometimes using some of the results 
presented here, have already appeared, for instance the measurement of R{u) using the method proposed here and 
inS was successfully performed in--. Its extension to the dynamics was presented iii^iISiii. Interesting developments 
about shocks and avalanches, quite complementary of the present work, have appeared inSiI^. 

The outline of the paper is as follows. 

We start by showing (section |ll|) what are the difficulties encountered when trying to develop renormalization at 
T > along the standard FT method, i.e. within the loop expansion. It is illustrated in the text on the d = model 
(up to four loop), the d > case (up to three loop) is summarized in Appendix \X\ It is a pedagogical way of showing 
why more systematic methods, such as ERG are needed here. 

In our previous study Ref.^^'^^, the thermal boundary layer scaling was presented as an "ansatz". A hierarchy of 
ERG equations for all cumulant's scaling functions was derived, and the existence of a solution was assumed. Here 
we obtain an exact solution for the full hierarchy of these TBL equations. It makes the connection to droplets simple 
and transparent. 

This is achieved by first asking whether the function R{u), which was introduced and defined in the FRG somewhat 
abstractly (from the effective action) could be related to an observable. In particular, what precise physical information 
is contained in the derivatives i?*^^"^ (0) ? In our previous work Ref.— we had shown how some low order thermal 
correlations are related to some of these derivatives, as well as to derivatives of higher cumulants. Here, and in 
ReffS, we obtain the full solution of the problem which turns out to be (a posteriori) very simple. For that purpose 
we reexamine f section IIII[) . in any dimension, various generating functions for correlations, the effective action T[u\ 
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and the functional W[j]. We prove that they take similar dual forms and that they define the same second cumulant 
functional R[u\, while they differ in higher cumulants: R[u] simply encodes the two point correlation of a renormalized 
potential. One way to define this potential is to add a quadratic well i.e. an external harmonic potential, with a center 
which can be translated. It can thus be measured in numerical simulations. Its definition in d = is reminiscent 
of the "toy RG" model (with only two degrees of freedom) introduced heuristically in^^, with somewhat different 
interpretations. Here the correspondence with the field theoretic definition is demonstrated m d = and we obtain 
the proper generalization to any d. As a result, the renormalized force is found to satisfy a decaying functional Burgers 
equation. 

With this knowledge we then go back to the d = toy model (Section livp . We write the ERG hierarchy (Section 
IIV A[) and then work out the full TBL solution corresponding to droplets (Section |IVB[) . The matching property can 
then be checked explicitly. Next we derive the correct beta function in d = up to four loop with all ambiguities 
removed (Section IIV C|) : the method was sketched in our previous work Refi^, but not fully explicited. In the case 
of the Sinai model (Brownian landscape, random field disorder) using our previous result on the toy model statistics 
(obtained through the strong disorder RSRG^^) we obtain the exact result for the function R{u) (Section lIVPp . 
in terms of multiple integrals of Airy functions, and implicit forms for higher cumulants as well as full and partial 
boundary layer functions. 

In Section IV E and F we discuss the connection between FRG and Burgers turbulence. In d = the renormalized 
force in the FRG satisfies the usual A^-dimensional Burgers equation. Although it is a simplified version of the 
Navier Stokes equation they share some common properties (see e.g. Refi ^^'^'^i^^'^^ for reviews). At large Reynolds 
number (small viscosity v) both exhibit (i) a dissipative regime at small scale where viscosity dominates, and (ii) 
an inertial range at larger scales with (multi)scaling and intermittency (where viscosity can formally be set to zero). 
Understanding how the two regimes connect is an outstanding problem in (decaying or stirred) turbulence (resp. 
Burgulence). Here the FRG exactly describes "decaying Burgers" with viscosity v = 2T, where the renormalization 
scale plays the role of time. Although this connection is not new, it has not been pushed too far. Here we study 
in detail the mapping between Burgers and the FRG and find an exact relation between shocks and droplet size 
distributions. In particular we emphasize the general correspondence: 

-i?"(0) = ^J{xf (6) 
|i?""(0) ^ u{Vv{xW = e (7) 

where v{x) is the velocity field in Burgers. In the second line the r.h.s. has a finite limit as ^ called the dissipative 
anomaly: also present in Navier Stokes, in Burgers it is due to shocks. The (equivalent) finite limit of the l.h.s. implies 
the existence of a thermal boundary layer in the FRG. It is related to droplets if shocks are dilute. The issue of the 
construction of the inviscid limit ^ in Burgers equation was recently addressed using distributionsSii^. We 
discuss the relations to our work on the existence of an ambiguity free Tj, ^ critical limit in the FRG. Indeed, 
the above mentionned matching problem in the FRG maps onto the question of how the inertial range in Burgers 
turbulence matches onto the dissipative scale. In particular, the celebrated Kolmogorov scaling in the inertial range: 

^Siii{0,0,u) - eu <-> {v{x) - u(0))3 - -ex (8) 

corresponds to the non analytic third cumulant behaviour in the critical zero temperature theory, related via the FRG 
hierarchy to the cusp in R"{u): 



i?"'(±0) = t;(±0)Vw(0) (9) 

These relations hold for any d — Q model, and can be fully explicited in the case of the Sinai (random field) landscape 
d = 0, iV = 1. In that case many results about shock statistics are known, some since Burger a^^'^" . Here we derive 
a more general result for the joint distribution of the renormalized potentials and forces at several points. We can 
then relate it to the droplet solution to the exact FRG hierarchy mentionned above, and prove matching in that case. 
The dynamics of the shocks of also of high interest and given exactly by a balistic aggregation model which can also 
be solved exactly^. This can in turn be interpreted as a Markov property in the merging of droplets which holds in 
that case as we detail in Section IV F. These relations can be pushed quite far in d = and we hope they will help 
progress in d > 0. 

While the d = Q pinning problem maps onto decaying Burgers, one should mention that d = \ pinning problem 
(the so called directed polymer) has connections to noisy Burgers. Although the mapping is quite different, there are 
some common issues. In particular, the shocks and inviscid limit construction are not expected to be too different. 
Attempts to solve a hierarchy similar to the FRG was done in—. 
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Finally we extend our analysis to higher d in Section |Vl The corresponding ERG equation now relate second (and 
higher) cumulant functionals {R[u] is the second cumulant functional and R{u) its local part). Again one identifies a 
"zero temperature" region u = 0(1) and a thermal boundary layer (TBL), u ~ Tl, in the functionals. This hierarchy 
appears formidable, and a previous attempt to solve it in an expansion in powers of R was not successful^^ . Here 
however, we obtain an exact solution to all orders within the TBL. It is based on (and inspired by) a simple droplet 
scenario. We then discuss the consistency and closure of the ERG hierarchy at Tl ^ and address the ambiguity 
issue. We identify the assumptions underlying the e expansion in terms of continuity properties of the force functional 
R"[u\. Under these assumptions we perform the one and two loop derivation, from first principle, of the anomalous 
terms in the ERG beta function. 



II. FINITE TEMPERATURE FRG: PRELIMINARIES 

The aim of this Section is to examine the direct approach to the ERG at finite temperature, i.e. computing the 
beta function for the function R{u) in a loop expansion, and understand how it fails. It is an instructive exercise 
which allows to introduce a few basic facts, and to motivate the use of more systematic exact RG (ERG) methods. 
Since this method is more economical to use than ERG, it is worth checking thoroughly. 

A. finite temperature beta function 

Let us consider model ^ calling Ro{u) the bare disorder appearing there, and consider perturbation theory in 
Ro{u). Ro{u) plays the role of the coupling constant of the theory, as 5o0^ in the </)^ theory. The graphical rules have 
been described in^. The interaction is represented by a splitted (i.e. double) vertex with two free replica indices 
J2cd^o{uc — Ud)/2T^. Each free propagator fine TSabgq, Qq = 1/(<Z^ + ™^), gives a factor of T and identifies replica 
indices. Thus a graph with p connected components corrects a p-replica term. Each line drawn from a vertex results 
in a derivative of the vertex with respect to u. Vertices connected to a single replica component are called saturated, 
i.e. evaluated at m = 0. 

One then computes the renormalized second cumulant i?(u), defined from the effective action at zero momentum. 
Its detailed definition is given in Section [IIII It plays the role of the renormalized coupling gcf)^ in the 0^ theory^*. To 
compute it one writes all one particle irreducible graphs^^ with two replica connected components (since it is a two 
replica term), in an expansion in a number of loops: 

R = Ra + d'-^^Ro + d'-^'^Ro + 6'-^^Ro + .. (10) 
Including only the one loop diagrams one finds: 

<5(i)i?o = Tj,R'^ + Mlm' - R'mR'o] (11) 

(here and below the tt-dependence is often implicit, and primes denote derivatives) while the two loop corrections 
read^: 

s^'^Ro = It'K"j! + \T{R'i'fh + T{R!^"{K - Km " KRTi^Wi (12) 

with the integrals: 

Jn^ / 5fci--5/c„ , Ia^ 9kigk29l3 (13) 

Jfei + ..+fc„=0 J ki+k2+k3=0 

The three loop corrections at T > are given in Appendix |X] (at T = they were computed in^^ ) . Note that 7i-loop 
corrections are of the form Rq~^^~^ with p = 0, ..n. The loop expansion is thus a double expansion in T and Rq 
treated on the same footing (both are considered "small" of the same order). 

The standard method to extract the RG beta function is to first compute —mdmR at fixed bare disorder _Ro- This 
results in similar expressions as (|10lllll2p where the integrals, which are m-dependent, are differentiated. Next one 
reexpresses i?o a-s a function of R, i.e. one inverts (|10p order by order in Rq, treating i?o and T to be of the same 
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order, i.e. one writes (schematically) Rq = R — TR'^ + (i?o)^ + .. = i? — TR" + (i?")^ + ... Inserting in —mdmR one 
finally obtains the beta function: 

-md„^R\R,„ ^ I3[R,T] (14) 

which is also a polynomial expansion of the form TP/J^+i^p. Here STS guarantees that there are no corrections to 
the one replica part of the effective action, hence to T, which can thus be treated as a constant number. Note that in 
this calculation we have taken both Rq and R analytic at u = 0, which is natural since we work at T > 0. If one sets 
T to zero in the result, one can check order by order in R that it yields a function P[R, T = 0] whose coefficients are 
finite (no poles in e = 4 — d). This would be the zero temperature beta function for an analytic R{u). Its finiteness 
would mean that the theory is renormalizable at T = 0, i.e. a continuum limit exists. Unfortunately, it is not the 
correct zero temperature beta function, since the assumption of R{u) being analytic is not self consistent at T = (it 
develops a cusp in finite renormalization time). Dealing with the resulting ambiguities directly at T = was studied 
in^, but it is not our aim in this Section. We want to keep T > and follow the RG flow: since temperature is 
irrelevant, we hope that it may lead us to the correct, ambiguity- free beta function. 



B. toy model 

We will now continue in d = 0, for illustration, simplicity, and also because there we know the answer by other 
means (see below). Hence the model describes a particle in a = 1 dimensional random potential (i.e. on a line): 

Hv{u) ^^m^u^ + V{u) (15) 

^^R{Ua-Ub) (16) 
ab 

Although it is a simpl e integral, it is still a non trivial model. It exhibits a glass phase when correlations of the 
potential grow with u, {V{u) — V{0))^ = 2(i?(0) — R{u)) ^ with a > 0. The position ui of the minimum of 

the energy Hv{u) fluctuates from sample to sample as ui ~ mr'^ and Hv{ui) ^ mT^ and one has a — 9/C and 
= 2(C — 1). The case a = 1/2 corresponds to a Brownian landscape and to the d = limit of the random field 
universality class for the manifold (^ = (4 — c?)/3). We stress that no bifurcation (such as a lower critical dimension) 
is expected to occur between d = 4 and d = so the toy model should be continuously related to the RF manifold 
problem. In particular if the latter has a well defined finite beta function, it should have a good limit in d = 0. It is 
this limit that we are studying here (for arbitrary a). 

We now compute /3[i?, T], using that J„ = m~^" and Ia = 'rn~^ in d = and write the flow equation (fT4| . To 
obtain a fixed point it is more convenient to replace R in (jl4p by the rescaled disorder R: 

R{u) = ^m'-*'^R{um'^) (17) 

One easily sees that this does not change the beta function, apart from an additional linear rescaling term, and 
replacing T with the rescaled temperature T = 2Tm^ : 

-mdmRiu) - (e - 4C)i?(u) + (uR'iu) + fR"[u) + ]^R" [uf - R" [Q)R" [u) + (32ioop[R, f]{u) + .. (18) 

Here of course e — i, ( — 2/{2 — a), 9 — 2a/ {2 — a) and the rescaled temperature T flows to zero as m ^ 0: 

f = 2Tm^ ^„,^o (19) 

and the main problem is to understand the limit, as to —> of (|18p . Before studying higher loops let us recall the 
physics of the one loop truncation (thus setting all f3n>iioop to zero). 

1. one loop 

For a flxed u = 0(1), as m ^ one has R{u) Riioopi'^) the non-analytic fixed point solution of the naive zero 
temperature equation^—: 

= (e - 4C)i?(M) + C,uR'{u) -f ]^R!'{uf - R!'{0)R!'{u) (20) 



due-T^v(«) 
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TO U„ 
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which exhibits a non analytic expansion in |u|: 

R"{u) = R*"{0+)+R*"\0+)\u\ + O{u^) , u = 0{l) (21) 

with the relation: 

-(e - 20RZop{0+) - RZopiO^r (22) 

obtained from taking w ^ 0^ in the second derivative of ([20|) . 

However, for any non zero m, R{u) is analytic and rounded in the thermal boundary layer (TBL) region u ^ T, 
with a scaling form: 

R{u) = R{0) + ^u^R*"{0) + f\{u/f) + 0{f'^) , u = 0{f) (23) 

Consistency is checked by plugging this form in the one loop truncation of (|18p . Leading terms are of order (the 
term mdmR = 0{T^) and only the quadratic piece in the rescaling term contributes) and one finds that the TBL 
function r(x) satisfies 

(e - 2C)R*"{0)x^ + r'\x) + ^{r"{x) - r"{0)f = r"(0) (24) 

yielding r"(x) — r"(0) = y^l — (e — 2(^)R*"{0)x^ — 1. Using the relation ([22]) one sees that the large x behaviour of 
r"{x) exactly matches the cusp of the T = fixed point. We also see that: 

i?"(0) = i?*"(0+) (25) 

Thus this one loop truncation of the FRG equation (for R alone) yields a simple consistent answer (which has been 
used in several studies at non zero temperature^''). Let us now see if this carries to higher loop. 



2. two loop 

To two loop we find: 

P2ioop[R,f]{u) = ^fR"'{uf ~ \fR""{Q)R"{u) + \R"'{uf{R!'{u) - i?"(0)) (26) 

and to check whether the one loop analysis carries through, wc should study this equation both in the so called outer 
region u = 0(1) and in the TBL u T. However one must first ask whether the same TBL scaling to holds to two 
loop. Let us make an important observation. One can show the exact result, displayed here both in rescaled and 
unrescaled version: 

-m^„^R"iO) = 2ri?(4)(0) (27) 
-md„,R"{0) = {e- 2C)7?"(0) + fR'^^\0) (28) 

We emphasizes that it holds to all orders and yields a check on the expressions (fT5|) . (pS)) . ([55)1 and (|^^ - a rather 
non trivial one as it is satisfied for each combination of R derivatives corresponding to each power of T. To explain 
its origin let us recall the physical content of the quantities which appear in (pS)) . First one has: 

(u^)^W-^^-^^ (29) 

a quantity expected to be continuous as T — > 0, hence i?"(0) must flows to a well defined limit. Then (j28p strongly 
constrains TBL scaling, i.e. i?'^'^'(0) ~ 1/T. To leading order in temperature, the relation (I28|) connects the sample 
to sample fluctuations uf of the absolute minimum (i.e. a zero temperature quantity), to the sample to sample 
fluctuations of the thermal width Xs = {{u — (u))'^) of the Gibbs measure in a given sample. Indeed one has: 

r^i?W(o) _ f^i^W(o) 
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Xs is a "droplet quantity", i.e. it is 0(1) in a typical sample, but can be large, Xs ~ m"^'', with probability 
p ^ T = 2Tm^ in the rare samples where almost denenerate minima exist. There is an infinite set of relations such 
as ([28]) . consequence of STS and ERG. We will recall and discuss them later. We can now come back to the two loop 
beta function. 

The first observation about the two loop contribution (|26p is that if we evaluate it in the TBL region, i.e. for m ~ T 
a catastrophy happens. Indeed, using TBL scaling ([23|) we find that all terms are as ~ T. But we should remember 
that the one loop terms in ^5)) are ~ T^, thus the two loop terms are huge, uniformly of order 1/T compared to 
the one loop ones. One can check that no cancellation occur. These would be unlikely anyway since the situation 
gets worse at three and higher loops, each new loop yields a factor 1/T. The direct loop expansion thus does not 
appear to describe the TBL and we see the need for the ERG method. The ERG equations introduced in Ref.^^ and 
analyzed in^i^ allow to understand what goes wrong in the above procedure, which is subtle. We explain it here 
schematically, for more details about the TBL structure see Ref.?^ and Section HVl below. 

The first ERG equation states that the sum of all loop corrections (two and higher) for R{u) is exactly S'iio(0, 0, u), 
i.e. a second derivative of the (renormalized) third cumulant S'(mi, 1*2,1/3) of the disorder. Next, S itself obeys an 
ERG equation of the type (schematically) dS — TS" + T{R"Y + R"^ + ■• where the .. contains a feedback from the 
fourth cumulant (and the hierarchy goes on). To get the above loop expansion one truncates the ERG equations in 
powers of R (which is fine) and in powers of T . For instance, the two loop term (|26p can be obtained solving only 
dS = T{R"Y + R"^ : and computing the ensuing feedback of S in the R equation. To three loop the term TS" (and 
others) will be added perturbatively to this equation, and so on. Unfortunately, this double expansion in T and R 
incorrect in the TBL. One can show that in the TBL equation for S the term dS is negligible compared to TS" (very 
much like the term dR is also negligible in the TBL for R). Thus to obtain the correct result in the TBL one must 
rather equate TS" with the feeding terms T{R"Y + R"^ + ••, which is the opposite of what is done here! It then 
amounts to a non trivial rcsummation of the above loop expansion, necessary to recover consistency with TBL scaling. 
One may wonder whether a resummation of all orders in T , to a fixed order in R may provide a meaningful result in 
the TBL. This question is examined in Appendix IbI 

At this stage we must renounce to use this direct loop expansion method in the TBL (i.e. for u ^ T). The next 
question is then whether it can be used in the outer region u ~ 0(1), i.e. whether there is a good limit as m ^ for 
fixed u. 

That question is more subtle. In fact to two loop it works! (at least for d = 0). Consider (pS)) for a w = 0(1) and 
TO — > 0. The first term in the r.h.s. flows to zero. The only problematic one is the second term. But we know that it 
has a finite limit since, from ([^5]) 

fi?('*)(0) ^ -(e-2C)i?*"(0) , (always) (31) 
= R*'"{{)+Y , (to one loop) (32) 

Thus it seems that the two loop contribution flows to a well defined limit: 

!32iooM -> \{R"'{uf - R"'{Q+f){R"{u) ~ i?"(0)) (33) 

where we have inserted a one loop relation into a two loop one. This is allowed, to this order, if the end result is an 
expansion in powers of R. This turns out to coincide with the result from the "correct" method (see Section flVCp . 
It obeys the requirement that the cusp remains linear, the constraint of "no supercusp": expanding the r.h.s. in |u| 
the term linear in |m| cancels (i.e. i?'(0+) 7^ 0). 

3. three loops and beyond 

Embolded by this success, we compute the three loop contribution: 

f3^ioop[R.f]{u) = J-f2i?""(i?"" - 2R""m + \f{R!"f{R"" - ^R""m + If R"(i?"")' (34) 
4o o 4 Id 

+^(R")'(i?"")' + ^(R'")^ + \R"iR"'fR"" 

(35) 

where here and below we often use the shorthand notation: 



R"{u) = R"{u) - R"{0) 



(36) 
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We see that again it yields a well defined limit in the outer region u = 0(1). Let us define the limit: 

fi?""(0) = r(4)(0) + O(f) (37) 
and keeping only terms with a finite limit as m ^ (discarding terms which are 0(T) we get: 

dk = (e - 4C)i? + CuR' + []^{R!'f - R"{Q)R"] + ^{R!"f{R" - i?"(0)) - ^r'^^\0)R" 

+ _L(i?" _ R"{Q)f{R""f + ^{R"'f + -{R" - R"{Q)){R"'fR"" - ^r^^) {Q){R"'f (38) 

The question is now to fix the value of the number r^^-'(O). One requirement is the absence of supercusp, i.e. 
-md„,R'{Q+) = 0. This yields: 

r(4) (0) = R"'{Q+f + -^R"'{Q+fR""{Q+) + 0{R^) (39) 

Although it looks reasonable, there is something puzzling. The flow of i?"(0+) (in the outer region) reads, to two 
loop: 

5i?"(0+) = (e - 2C)7?"(0+) + R"'{Q+f + -^R'" {Q+f R"" - ^r'^) (0)i?""(0+) (40) 



which can be compared with the exact identity p8l) : 

9i?"(0) = (e - 2C)i?"(0) + rW (Q) (41) 

Thus if we want to enforce ^ i.e. the continuity relation ^"(0) = _R"(0+) at two loop it yields A^^Q) = ^"'(0+)2 + 
i?"'(0+)^i?""(0+) and is incompatible with the absence of supercusp at three loop. 

Thus this procedure has produced a nice limit at three loop, but this limit turns out to be incorrect. The correct 
beta function is derived below in Section HV CI and is incompatible with ([55)1 for any value of r'*'(0). The reason why 
this procedure fails has to do with the existence of partial boundary layer forms, discussed in Section flV CI and in 
Appendix |B] However, we cannot exclude that a clever way may exist to resum consistently, equivalent to what is 
done with the ERG. Thus, to close this section on a challenge, we display the result for the four loop contribution to 
the beta function: 

l3iioop[R,f]iu) = -i-f 3(i?(5))2 _ 1 f3^(6)(o)^,». _ -lf2i?""(0)2i?"" - i-f2i?""(0)(i?"")2 + j-f\R''y 

-^f^R""{0)R"'M^^^ + ^f^R!"R!"'R^''^ + 2(i?" - i?"(0))(i?(5))2 - -^f 2(i?"')2i?(6)(0) 

-^f i?""(0)2(i?"')2 _ ^^fR""{Q){R"'fR"" + ^f{R"'f{R""f - ^fR""{Q){R" - R"{Q)){R""f 

+ ^f{R" - R"iO)){R""f + (i?"')'i?(') + ^f{R" - R"iO))R"'R""R<^'^ + ^f{R" ~ R" {R^'^yf 
16 16 16 64 

+ ^{R"' fR!"' + ^(i?" - R"m{R"' f{R"" f + ^(i?" - R!'{0)f{R""f 

+ 1{R" - R"{0)){R"'fR^'^ + ^{R" - R"{Q)fR"'R""R<^^'> + ^{R" - R"{Q)f{R^'^f (42) 
8 16 96 

One notes that a new feature arises to four loop. All terms have a nice limit except for the combination: 

-l-f^{R"'fR(^^0) - Afi?""(0)2(i?"')2 ^ --i^(r(6)(0) + 3r(4)(0)2)(i?"')2 (43) 

Thus for the well defined limit in the outer region to exist one must have: 

r(6) (0)+3r(4) (0)2 =cf + 0(f) (44) 

which also implies the cancellation of the anomalous term linear in R""{0). This condition happens to be correct for 
the one loop truncation for the TBL fimction r{x) given above in However we also know (from ERG see'^^) that 
the exact equation 

r(6) (0) + 3r(4) (0)2 + s[l\{0, 0, 0) = (45) 
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involves some derivative of the third cumulant in the TBL, which has no good reason to vanish. 

Thus we have shown in this Section some of the issues and difhcuhies facing FRG at finite temperature, using d = 
as a test. The direct loop expansion does show some features which are qualitatively correct, such as the TBL scaling 
and its matching with zero temperature solution. However, unless it can be extended in a clever way, it appears to 
fail beyond two loop (in d = 0) as a quantitative method. Of course we can be certain of that only if we know a 
correct method. Before we get to a more promising approach we need to understand better the physical meaning of 
the tools used in the FRG, which is the aim of the next Section. 



III. BASIC TOOLS AND FUNCTIONALS 



In this Section we analyze the physical information contained in the generating functionals in the replica formulation. 
We recall the definition of the renormalized disorder in term of the effective action. Then we show that this definition 
is equivalent to a much more physical one directly related to an observable. For pedagogical purpose we start by 
establishing the correspondence on the d = model. Then it is extended to higher d and N. 



A. Renormalized disorder in d = 

1. connected correlations 

There are two basic generating functions in the replica formulation. The first one is: 

W{j) = liiZ{j) (46) 

ZU) - Jl[dUa CXp(^ JaUa - S (u)) (47) 
a a 

Sin) = ^ E -^J2^oiua- u,) (48) 

a ab 

where Ro{u) is the second cumulant of the bare disorder. Here and below we often use for simplicity the same notation 
for a function of p rephca variables, e.g. W{j) = W{{ja}), and functions of a single real variable (i.e. Hv{u) below). 
W{j) is the generating function, via polynomial expansion, of the connected correlations: 

W{j) = W^(O) + i E ^""J"^'" + l! E GabcdJajbjcjd + ■ ■ (49) 
ab abed 

where G'ai..Q„ = {ua-^..Ua,^)s where c here means connected with respect to the replica measure S, e.g.: 

Gab = (UaUb) = -^Sab - ^ (50) 

Gabcd = {uaUbUcUd) - [G abG cd + 2perm) (51) 

(sixth order correlations are studied in the Appendix [C]) . The last equality in the first formula anticipates on the 
definition of R{u) given below. Let us examine the physical content of W{j) which, at least within its polynomial 
expansion, seems clear. There are a priori two distinct two-point correlation (m^) ~ {v?) and (uaUb) — (u)^, where 
in these type of formula we will assume distinct replicas, a ^ b. Similarly^^ there are a priori five distinct four-point 
correlations, each related (for p = 0) to a particular combination of thermal and disorder averages in the usual way: 
(w^) = {u'^), {ulub) = {u^){u), {uluD = {u'^){u^), (ulubUc) = (u2)(m)2 and (uaUbUcUd) = (w)^. More generally one 
expects Nn distinct elements Gai..a„, where 'Ylm-^nZ^ = TVkLii^ ~ z'^)~^ is the boson partition function. 

In fact there are less. This is because of the STS symmetry, namely that W{ja+j) = W{ja) + -^j ^Pl^^^ 
for any (replica independent) j, as can be seen from shifting the integration in pS)) . One easily sees that it implies 
(for arbitrary p) : 

T 



Gab — ^ , Gabcd — • • • (52) 



To order m", these imply Nn-i STS relations linking the iV„ variables. For n = 4 there are 5 variables and 3 STS 
relations, which leaves 2 independent correlations. For n = 6 one finds 11 — 7 = 4 independent correlations. More 
insight into the physical meaning of these relations will be given below. For now they are an infinite set of constraints 
on the authorized form for the correlations. 
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2. effective action and renormalized disorder 



The second important generating function is the effective action defined as the Legendre transform. Define: 

T{u) = jaUa - Wij) (53) 

Note that here we are a priori not trying to minimize anything, we can construct this function e.g. perturbatively. 
As we will see below it is somehow a formal definition. It also admits a polynomial expansion^^: 



r{u) = r(0) + X! ^afcUaWf, + X! ^ abcdUaUbUcUd + .. (54) 

with: 



2 ^ ■ 41 

ab abed 



^-1 i?"(0) 

Tafc = Gj = —Sab + -^2^ (55) 
Tafccrf = —{-^YGabcd (56) 

and so on (see Appendix [C|. Note that we somehow assume here that both T and W admit a polynomial expansion, 
i.e. that they are smooth. This should pose no problem at non zero temperature^S. At low T this smoothness region 
may be limited to a boundary layer u ~ T around u — Q (see below). The more general approach presented below 
does not rely on smoothness and can be used directly to handle the T = probleroi2£. 

Let us point out that the effective action T{u) is useful in the field theory and renormalization because it is the 
generating function of one particle irreducible graphs in perturbation theory (of the interaction, here Ro{u)). It is 
often used to define renormalized vertices and renormalization conditions. Physically, T[u) contains all the coarse 
grained information. Since it sums all fluctuations (all loops) the connected correlation functions are then obtained 
as the sum of all connected tree graphs contructed from the vertices of T{u). 

The STS symmetry also constrains the form of r(M). From ((53)) above one finds T{ua + u) = r(ua) + Ua + 

p^u and on the polynomial expansion it again implies 

2 

Era6=^ , J2^abcd = ■■■ (57) 

a a 

again valid for any p. The discussion of the number of independent components within the polynomial expansion is 
thus identical to the one above. 

More global constraints can also be deduced from STS. If one assumes that T{u) can be expanded in number of 
replica sums, then the STS implies the form: 

^ ^ 

T{u) = To + — ^ ~ — R{ua - Ub) - S{Ua, Ub, U^) - ^ Q{Ua, Ufo, Uc, Ud) + ' ' ' (58) 

a ab abc abed 

where Fq is a constant (see below) and the functions R, S, Q and so on can be thought of "renormalized disorder 
cumulants" , second, third and fourth, respectively. More generally they will be denoted 5^"^ with S^^^ = S, S^^^ = Q 
etc.. The n-th cumulant then correspond to the n replica terms, and always come with the factors T^". Since they are 
defined from F(u) we call them F-cumulants. The STS imply that they satisfy S{ui +u, U2 + u, U3 +w) = S{ui, U2, U3) 
as if they were true cumulants of some "renormalized" statistically invariant random potential^*^^ 

Indeed since these F-cumulants are usually the output of the FRG, it would be quite useful to relate them to 
observables. In particular one wants to know to which physical quantity the derivatives _R^^"'(0) correspond to. It 
should be possible to answer in principle since, as mentionned above, the correlations can be obtained as tree graphs 
from F vertices. The Legendre transform being involutive one can also express each F vertex as a sum of tree graphs 
constructed from W{j), i.e. connected correlations. One can do it systematically in the polynomial expansion. To 
lowest order, m^, the meaning of R"{0) is simple and transparent from ([551150]) . To order u^, it is also clear from ([56l 
IST]) . but needs more calculation as one also needs to expand (l58|) to order u^: 

F --±F 

'-abed — rj-^4^-i 



l^R^^\0)ii6abScd + 2perm) - {6abc + 3perm)) (59) 
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thus it contains not only i?^^^ (0) but also the fourth cumulant F4 = Qim (0, 0, 0, 0) (this notation means one derivative 
w.r.t. each argument, see below). All (connected) four points correlations can be expressed from only these two 
quantities, one finds: 

(«, = 4i?W(0) + 4 (60) 

{ulubUc)c = {UaUbUcUd)c = 

Thus i?^'*^(0) corresponds to various combinations (one of them was given in (|30p above) which are all thermal 
correlations. As can be seen from ()60p the zero temperature information (i.e. u\ where ui here denotes the position of 
the absolute minimum, see below) is strictly contained in the fourth cumulant (it can be interpreted as describing 
a renormalized random force in a non gaussian Larkin model). One can go on and the order is given in the 
Appendix [Cl It contains i?'^^^(0) together with three other derivatives of higher cumulants. This is the approach that 
was studied in Refi^ and is summarized here. Unfortunately, this polynomial route does not lead too far because the 
complexity increases very fast with the order. We now turn to a more powerful approach. It will give us not only the 
/j(2p)^Q^ which contain information about thermal excitations, but also the zero temperature part R{u). 

Before doing so let us note that the formulae (|48I49I52I53I541 [55)1 as well as the STS transformations for W and F 
given in the text all hold for any number of replica p. Similarly for the formula (|61l63l64p of the next section. The 
resulting definitions for the cumulant functions R,S, etc.. are such that they are independent of p, as will be obvious 
from the next section. By contrast the explicit forms in ((55l [59l [60)1 and in the first formula in ([5T|) have been given 
for p = 0i22. 



3. back to the W[j) functional 

We go back to W{j) and ask what is the physical information contained there beyond the polynomial expansion. 
One has: 



e'^O-) = Z(j) = n/ du^ei^^^-^^ = Hie^""")//.^^ (61) 

a a 

Hv{u) ^Kn^u^ + V{u) (62) 

where Zy — J due^^^'*^"-'/"^ and at p = the Z{Oy term in the first formula can be set to unity. At low temperature, 
expansion at small j at fixed T contains information about the minimum of Hy (u) and thermal flips between quasi- 
degenerate minima whenever they exist. There is much more information in W{j), hence in r(u). Indeed if one 
instead rescale j = J/T the particle sees a fixed force as T ^ and hence the position of the minimum is shifted. 
Thus W{j) and T{u) also contain, in an essential wa,y^^ information about correlations of minima shifted by a force. 

We will thus define j = rri^v/T so that v has the same dimension as u. To economize notation we will write 
W{v) = W{j). The important observation is that the STS constraints are exactly the same on W{v) and T{u), i.e. 
([5^ and ([57]) are identical, thus if W{v) has an expansion in replica sums the STS implies the form: 

Wiv) = Wo + ^^«^ + ^^ Riva ~Vb) + ^Y. S{va,vi„ Vc) + ^J2 ^d) + ' ' ■ (63) 

a ab abc abed 

where S{va +w,V}, + w,Vc + w) = S{va,Vb,Vc) etc.. and Wq a constant (see below). The general term in the above 
expansion will be denoted ^("^ with S'-^^ = S, S^*) = Q etc.. The relation between r{u) and W{v) IS now very 
symmetric: 

2 

r(u) + V7(w) = ^ ^ WaUa (64) 
a 

and there is a duality between the W-cumulants, denoted i?, 5', Q and so on, and the F-cumulants., i?, 5', Q etc.. 
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It is easy to find which random potential has R, S, as its cumulants and corresponds to W{v). For each reahzation 
of the random potential V{u) one defines the (ly-)renormalized potential V{v) = V{V,v) in a given sample as: 

1 ~ f 11 

exp(--l^(w)) = / dwexp ( - -{-m^u^ + V{u + v))) 

r II 

= duexp{--{-m^{u~v)'^ + Viu))) (65) 

then one sees that: 



Averaging over disorder (i.e. over V) reproduces the above expansion in terms of cumulants, i.e. connected 
moments^ provided: 



V{v^)V{v2) =R{v,-v2) (67) 



V{v,}V{v2)..VM ■ = (-l)"5(")(«i, (68) 

Of course the overline here denote averaging over the measure on the V{v) = V{V, v) induced by the bare measure 
(of cumulants Ro etc..) on the V{u). Note that the formula (|66p can be written for any number of replica and 
together with ([^5]) shows quite clearly^ that the functions R, S in and, through Legendre transfoms R, S 

etc.. are independent of the number of replica p. Finally note that V{v) = V{0) := Fy = —TlnZy = —TWq/p 
independent of v from STS (i.e. translational invariance of the measure on V) and equal to the averaged free energy. 

More generally, since W{ua = 0) = Wo + ^^-R(O) + ^vrS'(0, 0, 0) + .. the cumulants of the free energy are given by 

F^'' = (-)"'5'("')(0, ..0). Anticipating a bitio-* ^ imphes that r(0) = ~W{0) hence To = -phTZ^, and also 

F^'' = (-)"S'(")(0,..0). 

Thus the information contained in W{v) is exactly the statistics of the W-renormalized random potential V{v). We 
can now perform explicitly the Legendre transform ((64|) . i.e. relate (|63)) and ((58|) . This is done in Appendix iDl and 
we only quote the result. The most interesting property that we find is that the second T-cumulant is the same as 
the second W -cumulant, i.e. one has: 

R{v) = R{v) (69) 

the two functions are the same! Hence from now on we will use the same symbol, i.e. note R{v) both. This is 
remarquable, since, as we will see these two function obey quite different RG equations. The difference of course 
appears at the level of third and higher cumulants. One finds that: 

S{Ua,Ub,Uc) = S{Ua,Ub,Uc) \ [R' {Uab)R' [Uac) + R' (uba) R' (ubc) + R! {Uca)R' {Ucb)) 

6 

QiUabcd) = QiUabcd) H jSym^^^^ [i?" (Wab) (i?' (Uac) - R' {ubc)){R' {Uad) ~ R' {ubd))] 

12 

^SY'^abcd\Swo{Uabc)R' [Uad]] (70) 

where sym^j^^^ is 1/4! times the sum of all permutations of abed and here and below: 

Uab := Ua ~ Ub (71) 
Uabc-=Ua,Ub,Uc (72) 

and so on. We recall the notations used in this paper everywhere for derivatives: 

SnmpiUabc) = d:j:idlSiUabc) (73) 
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and so on. A simple graphical interpretation allows to recover from tree diagrams the combinatoric factors in the S*'"' 
cumulants from the 5^"^ 

This solves, in d = 0, the question of finding an operational way to compute R{u) and higher cumulants and relate 
it to observable. It is thus: 



V{u)V{u') =R{u-u') (74) 

where the "renormalized random potential" V{u), defined from (|65p . has a number of nice properties. At T = it is, 
up to a constant piece, the Legendre transform (with a true minimization) of V{u), namely: 

V{v) = minuHv.v{u) , Hv,v{u) ~ —ni^{u — u)^ + V{u) (75) 

The role of the mass is important as one minimizes in presence of an harmonic well centered on point v. V(v) is 
the resulting free energy. As v is moved the absolute minimum will also move and it will result in a non trivial 
renormalized energy landscape. At T = 0, in situations discussed below, these moves become discrete jumps. At any 
temperature, the derivative (minus the renormalized force) satisfies: 

V'{v) ^ m^{v - (u)^) (76) 
, > , > 1 



(77) 



in terms of the thermal averaged position in a given sample. At T = it exhibits jump discontinuities at some discrete 
set of values u = Us , so called shocks (the above formula (|76p still holds then for left and right derivatives at the shock 
positions Vg). These result in a non-analyticity in the force correlator —R"{u) computed from ([7^ . One expects the 
switch between minima to be abrupt at T = and smooth at finite T as the Gibbs measure gradually shifts from 
one minimum to the other as v increases. This results in a thermal boundary layer in R{u). These issues are studied 
quantitatively in the following Sections. 

The random potential satisfies satisfies a Kardar-Parisi-Zhang (KPZ)Si type of FRG equation: 



-7nd„,V = ^dlV ~ \{dyVf (78) 



with initial condition V — V for m = oo. Its derivative yields the decaying Burgers equation (in dimension N). It is 
indeed well known that shock singularities appear in this equation. There is no noise term and the equation describes 
the merging and coarsening of shocks. Their physical connection to the FRG hierarchy for cumulants is studied in 
the coming Sections. Note that the reverse problem, often known as Polchinski RG, i.e. how to evolve V{u) so that 
the V{v) at fixed m is fixed, satisfies the same (reversed) equation. 

Note that a version of the present renormalized potential was proposed in d = in Ref4£, as a "toy RG" for the 
random manifold problem. The interpretation was different, in terms of elimination of fast modes: the role of to, 
which is here the infrared cutoff, was played by A, the UV cutoff. Iterative minimization was discussed and somewhat 
qualitative arguments were given as to relevance to the FRG. Here we have established that V{v) has a precise content: 
it yields the second cumulant defined from the replicated effective action. We have also shown how to obtain the 
higher cumulants. In Appendix we check explicitly, on the formulas established previously that the (sixth) derivatives 
of R{u) at u = agree with formulas obtained by the polynomial method, explained above. 

The main advantage of the present analysis is that it is now easily extended to any d (and N). 

B. Renormalized disorder functionals, any d 

1. Functionals and their relations 
To generalize the previous Section we consider the model, defined on a discrete d-dimensional lattice: 

xy X 

S[u] = ^ E 9^y« - ^2 E - ul) (80) 



xya xab 
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respectively the energy functional in a given sample and the replicated action functional. We consider for now g^y 
an arbitrary matrix (d = is recovered suppressing space indices and setting g~y = m?). The disorder is chosen to 

be uncorrelated from site to site on the lattice, i.e. V {u,x)V {u' ,x') — Sxx'Roiu), so that ([50)1 enjoys the exact STS 
property at the level of the lattice model. A continuum model can also be considered ~* / '^'^^ ^^'^ here we denote 
= The W[j] functional is defined as: 

= In / [|d<e^-J'°<-'^["I (81) 

ax 

The connected correlations G^j'/.x^ — {u'^\--u'^")'s are generated upon polynomial multilocal expansion: 

M^b] = W^[0] + ^ E + ^ E Gfylij^j'yf^jt + ■ ■ ■ (82) 

xyab xyztabcd 

It satisfies the STS identity W\{f^ +j{.x)}] = W[{j°,}]+TY.^y gxyj{y) Y.a +Pt J2xy 9xyj{x)j{y) which is obtained 
performing the shift u° ^ u° + (px with Tj{x) = gxy4>y- This implies: 

E ^'^V ~ "^dxy , E ^"xyzt =0 , ' ' ' (83) 
a a 

In the latter we have used the simultaneous permutation symmetry C^y^l = G^^xzt The proper change of variable 
is now: 

TY.9xyr; = vi (84) 

V 

so that V has the same dimension as u. Then: 

W[v] = W[Q\ + \Y^GtyV>l + ^ E Gtyt<vlvlvf + • ■ ■ (85) 



2 jL^ "xyx"y ' 

xy xyzt 



where: 



Gxy-T '^y^,gxx'9vv'Gl\' (86) 



x'y 

abed 



and so on. Thus one still has: 



—a bed _ 4 \ - I I I I abed ^oyN 

'^xyzt — ^ / , 9xx'9yy'9zz'9tt' ^x'y' z't' [" ' ) 

x'y' z't' 



E ^^V ~ ^Sxy I E ^xyzt — (^8) 



which is exactly the symmetry obeyed by the polynomial expansion of T. Because of STS one thus has: 

axy ab ' abc 

(for any p, Wo — ^pFv /T being a constant proportional to the averaged free energy - see discussion in previous 
Section) where is a two replica functional which only depends on the field with a, h given. It 

can itself be decomposed into a local part, the usual function -R(w° — w^), bilocal and higher. This will be discussed 
in Section|Vl Similarly the third cumulant functional S'[u'', u'', w^] only depends on the fields w^''''^ with a, 6, c given. 
It satisfies statistical translational invariance S[{v'^ + <j)x,Vx + + 4'x}] — S[v°-,v'^, v'^]. This form is dual to the 

one for its Legendre transform T[u): 



TM = To + ^ E 9xy<K - ^ E ^["'''] - ^ E "1 + • ■ • (90) 

TM = E - = ^ E < - (91) 



T 

axy 
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The calculation of the Legendre transform is performed in the Appendix [Dl One finds the functional identities: 

= Riv"''] (92) 

S[ua, ub, Uc\ = S[ua, Ub, McJ " 3 sym^^^ 2^ 9xy—r-^ T-rr- (93) 



xy 



V 



which generalize the d — result. One also finds To = — Wq = pFy /T. 

We are now in position to define the renormalized random potential ^[{wa;}] functional in a given sample whose 
connected cumulants will reproduce R, S and so on. Some equivalent definitions are: 

e-T^-K-^}] = j Y[du^exp(-l^{\Y.g-^u^Uy + Y,V{u, + v,,x))\ = j Y[du,e-^"--^-^ (94) 

X ^ xy X ^ X 

Hv,vM = l^9xyiux - Va,)(uy - Vy) + ^V(u^,x) (95) 



2 

xy 



Thus one has: 



V[{vx}]V[W,}] (96) 



note that this is now true as a functional. The simpler form V{ux, x) which defines the bare disorder is of course 
not preserved under coarse graining as higher multilocal components develop. Thus in general the functional 
is not local. However one can still define a function R{v) from the local part of the renormalized random potential 
functional. This is sketched below and detailed in Section fVl 

There are again some nice properties. One can also define the renormalized force functional, which satisfies: 



-^X[V] = ^-^^^ = 9-y\Vy {Uy)H.J (97) 

OVx 



The renormalized potential in a given sample obeys a RG functional equation as gxy is varied (its variation is noted 
dgxy), also called Polchinski equation in the ERG context: 

dZM = ^tr[dg^-^] , ZM = e-*nM^ (98) 
hence V[v] satisfies a functional KPZ type^i equation: 

1 S'^Vlv] SVlv] SVlv] 

dV[v] = tr[dg{T'-^ ~ -^^)] (99) 
Z ovov ov ov 

The "initial condition" at 5 = (analogous to to = 00) is again V^[{w2;}] = ^[{ui:}]. Its (functional) derivative is 
a functional decaying Burgers equation. One can then also expect "functional shocks" as a generalization of the 
standard Burgers equation. 

Finally we note that all formula of the present Section are straightforwardly extended to the case of a A^-component 
vector u = M*, i = 1, ..A for arbitrary A^. 



2. how to measure R{u) 



The present study has opened the way to measuring the FRG fixed point function(al) in numerical simulations (or in 
experiments) . The simplest procedure is to confine the manifold in a harmonic well centered on a given configuration 
Vx- The simplest model is then g~^{q) = q'^ + m? in Fourier space. As is varied at T = shocks will occur 
as the manifold switches from one ground state to another. A difference with d = is that these switches occur 
now on various scales (in x). Very little is known at present on these functional shocks and their statistics. They 
are reminiscent of avalanches in the driven dynamics but they truly are "static" shocks where the manifold is at 
equilibrium (or in the minimum energy position) for each v. The simplest choice is a uniform Vx — v. Then V[vx — v\ 
is the ground state (free)-energy, which is proportional to the volume L'^. As shown in Section |V] this allows to 
measure the local part R{v). One has simply: 



V[{vx = v)]V[{vx = v'}] = R{v - v')L 



(100) 
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which holds at any T. It can also be obtained from the force. At T = is is particularly simple. Denote Ux{v) the 
minimum energy configuration for a fixed Vj. = v and u = L~'^ Wx(^) the center of mass position. Then: 

{v - u{v)){v' ~ u{v')) = A(t; - w')i"''m~^ (101) 



where from ((97| A(w) = ~R"{v) is the local part of the correlator of the pinning force (one has v — u{v) = 0). One 
expects the manifold to behave as roughly {L/Lm)'^ independent pieces, with L„i ^ m~^, hence the inverse volume 
factor L"'' in (|10ip simply expresses the central limit theorem. Hence A{v) should have a limit as L ^ oo proportional 
to the fluctuations of the force density in a correlation volume L^. Since force density scale as m^u ^ m^^^ this in 
turns suggests that, as a function of m, A(m) ~ m"'^"'"*"^'' A(um'') where A should have a fixed point form as m ^ 0. 
This is indeed what is predicted by the FRG (see e.g. Section [III. The above formula (jlOip is exact however for any 
m and allows in principle to measure in numerics all earlier stages of the RG, e.g. (i) the Larkin mass where A{u) 
suddenly acquires a cusp^*^^ and the Larkin regime for m > rric where — (4 — (i)/2, (ii) the convergence to the fixed 
point, (iii) crossovers between distinct universality classes. At non-zero temperature one simply replaces Ux{v) by the 
thermal average. The effect of temperature is discussed in the next Section where a " droplet" solution is obtained. 
The predicted rounding of the cusp can also be measured in numerics. Finally, it is also possible to measure the 
non-local part of R[v\ using a non uniform v^. 

These formula can be generalized to a number of situations. First they extend straightforwardly to any N . Next, 
they can be modified in the case of a model which does not possess exact STS symmetry, as is often the case in 
numerical simulations. This extension is discussed in Appendix[El They also allow to study (and define properly) the 
FRG for chaos discussed inSi. Considering two copies indexed by 1,2 seeing slightly different disorders, e.g. V ±5W 
with small 5, V and W being two statistically independent random potentials, one can study the cross-correlation: 



Vi[v. ^ v]V2[vx = V] ^ R^2{v - v')L'' (102) 

The mutual correlation of the two ground states in each copy: 

m*{u^{v) - v){u^{v') - v') = L-''Ai2{v - v') (103) 

defines the renormalized pinning force cross-correlator Ai2(u) = —R'(2{u). At zero temperature these functions 
measure the correlations between the shocks in the two copies. 

Having defined the important functional and observables we now turn to the derivation and analysis of the FRG 
equations, first in zero dimension. 



IV. ZERO DIMENSION, EXACT FRG AND DECAYING BURGERS TURBULENCE 

A. ERG for moments and cumulants 

Here we write the exact RG equations satisfied by the "renormalized disorder" in d = 0. As was shown in 
the previous Section there are three interesting set of functions. First the W^-moments, i.e. the moments of the 
renormalized potential V{v), i.e. the simple averages, and second the M^- cumulants, i.e. the connected correlations 
of V{v), denoted respectively: 



= (-l)"5(")(«i, -Vn) (104) 

y(«i)..i>(i>„)' = (-i)"^(")(t;i,..«„) (105) 

Finally the F-cumulants denote S'^")(t;i, ..w„). We now give the ERG equation for each set. We will use the nota- 
tion vi^2...,n = vi, --Vn and often denote [..] the symmetrization with respect to the all variables (i.e. sum over all 
permutation divided by number of permutations). There are some relations between the lowest ones^: 



together with (|7D)) . 



R — R — R , S — S 

<9(W1234) = Q{,Vi23a) + 3symi234^(wi2)-R(w34) 



(106) 
(107) 
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1. ERG for the W -moments 

Starting from the flow equation: 

T 1 



^d„,V = ^dlV - —(d^Vf (108) 



Computing e.g. —■mdmV{v{)..V{Vn) one obtains: 

-m9„5(")(^;i,2,..,„) = !^[5(;)„(«i,2,..„)] + 1 2..„)] (109) 



The lowest ones are: 



2T 2 - 

-mdraR{v) = ^B!'{v) + ^5iio(0, 0, i;) (110) 



ST - 3 - 

-mdmS{Vabc) = ^ [5*200 (t'abc)] H 7 [QllOo(Waahc)] (HI) 



4T - 4 - 

-mdmQ{Vabcd) = -^[Q 2000 {V abed)] H 5- [-P1IOOO (Waabcd)] (112) 

where P is the fifth moment. As will be studied below, this set of equation generate the loop expansion. More 
precisely, inserting only the part of (|107p into piip . solving for S and reporting into (jllOp yields the order 
part of the beta function, a priori to all orders in T. To get the two loop contribution one needs to go up to the 
equation for the fifth cumulant (not written) and so on, so while these equations are very simple (they form a linear 

system) they are not very economical. Note the ERG equation for the flow of the averaged free energy V{0) = Fy: 

^ 1 



-mdmFv = ^i?"(0) = m^(M)2 (113) 

one of the many ERG identities derived in^ (see section III. D there). It implies the universal behaviour for the 
averaged free energy Fy ~ ~{A/6)m~'^ where A — lim„i^o m'^'^{u)'^ valid at any tempcratureiSS. 



2. ERG for the W -cumulants 

Another way to proceed, equivalent but a bit faster, is to study the cumulants. One starts from the general 
(Polchinski type) functional ERG equation^: 

We specialize to d — 0, g = l/m^, j = m?v/T. One defines: 

a 

with 1^(0) = J7(0). The ERG for W can then be rewritten: 

[/- — y-^^ + — y( — )2 (116) 
m? ^-^ dvadva ^-^ dva 

a a 

where to obtain the above one should remember that W{v) = W{j — m?v/T) when differentiating w.r.t. m. 
Expanding in replica sums, along (|63p . this yield the general equation for the cumulants: 



m9™^(")(z;i,2,..,„) = '^[S^Uv,,2.,..n)] + ^[^^loto^(^'l,l,2..n)] (117) 

^ E[(n+l)/2\ 

— X! Cfc,„[S'^o^o(wi,2,..,fc)S'^o.^o^~''^(l'l,fc+l, ..,„)] 



m 

fe=2 



20 



with Ck,n = 2 ( fc_ X )"(■'„_ I = 2fcC,'j except for n odd and fc = (n + l)/2 then Ck,n = ^C,'^- The lowest ones are: 

2T 2 » 

-m9,„i?(t.) = -^R"{v) + — ^iio(0,0,w) (118) 

-md,nS{Vabc) = ■^[S'200 (Wabc)] + [QllOO (^aabc)] + [-R'(Wafc)-R'(wQc)] (119) 

m'^ m-^ 

4T - 4 - 24 ' 

-mdmQiVabcd) = -^[Q2000{Vabcd)] H ^ [-P1IOOO (Waabcd)] H 7 [S'lOO (Wabc)-R'(Wa(i)] (120) 

TO^ 

These equations are equivalents^ to the above (though derived very differently) and allow to recover the loop expansion 
a bit faster recursively. 

3. ERG for the T -cumulants 
We now turn to the effective action, and define: 

r(«) = ^E"'-^(«) (121) 

a 

The general ERG for T{u) instead obeys^^: 

-m9™C/(u) = Tr(5-^^^)-i (122) 
777/ ouau 

The expansion in replica sums is more tedious, and a general formula to all orders (for the rescaled cumulants) was 
derived in Appendix A of'^^. Let us recall the result for the second and third cumulants (here given in the present, 
i.e. unrescaled, notations): 

2T 2 2 

-mdraR{u) = ^B!'{u) + _5iio(0,0,7i) + ^{R"{uf - 2B!'{Q)B!'{u)) (123) 

777^ 777^ 777"* 

~md„,S{Uabc) = ^[S2m{Uabc)] + ^[R" {Uab)R" {Uac)] + ^ ( [i?" (^^ac) ^110 (^aad)] " [(i?"(«ac) ' i?" (0))5iio (u^cd)] ) 
777^ 777"* 777^ 

+ ^[QlW0{Uaabc)] + -^{ilR!' {Uab)R" {Uac){R" Wac) - i?"(0))] - R" {Uab)R" {ubc)R" {u,a)) (124) 
777^ 777° 

where [..] denotes again symmetrization. Note that if one is interested only in the dependence in Uabc one can replace 
all unmatched R{u) by R{u) — R{0) since this produces only gauge terms for p = (thanks to a cancellation for 
the last term). But the above equation contains a bit more information (e.g. about free energy cumulants). The 
advantage of this set of ERG equation is that the one loop beta function can already be read off from (|123p , the two 
loop from (I124p . it is thus well suited to the loop expansion. Obtaining the order R^ to all orders in T still requires 
(fTM . 

In Appendix iFl we show how the F-ERG equations (|123p and (|124p can be derived from pisp and (|119p . being 
careful with the flow term —mdm (being unrescaled equations, this term is always important). 

B. Exact "droplet" solution in the TBL region for the ERG hierarchy 

We now show how one can obtain an exact solution to the full ERG hierarchies displayed in the previous Section 
im It is restricted to the thermal boundary layer (TBL) region, defined in Section as um'^ — 0{T). Via matching 
however, it does also provide some zero temperature information. 

The strategy is to first compute the low temperature behaviour for the VF-moments of the potential V{v). Once 
this is done, one can easily get iteratively all W-cumulants and all F-cumulants. 

In this Section, to avoid inflation of notations, we do not work with rescaled quantities (unlike in Section |TT|. Of 
course, the statements made below are expected to become exact in the (universal) limit 777 —> 0, i.e. T ~ 2TmP 
with displacements scaled appropriately u ~ 777"^. These are easily restored afterwards. The true expansion is in 
powers of T, but it is as efficient to use instead a formal expansion in T at small but fixed 777. 
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1. droplets: general considerations 

Let us study the difference of the renormahzed potential at two closeby points, and we define v = Tv. The TBL 
region is defined as v being constant as T goes to zero. The definition (|65p can be written in the form of a thermal 
average in a given sample: 

For fixed w as T ^ (and fixed m) and for LR type disorder {6 > 0) in (almost) all samples there is a single 
minimum of Hv{u) (we assume continuous disorder distributions) which gives the dominant contribution to this 
average. The droplet assumption is that one can obtain the behaviour up to order T by considering no more than 
two quasi-degenerate minima (i.e. wells). Restricting to these two wells one obtains: 

V{v) - 1/(0) = ir^m^u^ - rin(pe™'™i + (1 - ]5)e"'™^) (126) 

P - ^-E,IT + g-£2/T - ^127) 

with w — e^^/"^ with E — E2 ~ Ei > 0. Here we call ui the absolute minimum, U2 the secondary minimum, 
and P{ui,U2, E)duidu2dE the joint probability density of position and energy difference (normahzed to unity). One 
usually denotes: 

P{ui) = J P{ui,U2,E)du2dE (128) 
D{ui,U2)dE ^ P{ui,U2,E = 0)dE (129) 

the probability of the position of the absolute minimum, and the (unnormalized) probability density that there are 
two quasi-degenerate minima within a window dE near E = (this window will be small, of order T, and the function 
of E there can be assumed to be constant, provided it does not vanish). Since many observables depend only on the 
relative position y = U12 = Ui — U2 we also denote: 

D{y) = j duiD{ui,ui-y) (130) 

The droplet assumption allows to compute any average over disorder as the sum of single well events, and quasi- 
degenerate rare events, as'^^'®^: 

Fiw,Ui,U2) := n<^^(")) = llipOdui) + (1 -p)0,(u2)) (131) 

i i 

F{w,ui,U2) = J duiP{ui)F{l,ui)+T J duidu2D{ui,U2) ^(F(w, ui, 1*2) - F(l, ui)) (132) 

note that F(l,ui,U2) = F{l,ui) is independent of U2- We often use the shorthand notation {0)ui or (0)p for the 
first average and (0)ui«2 oi' {0)d or (0)„; or even {0)y (when it depends only on the difference) for the second 
(unnormalized) average. One may worry that the lack of normalization of the second average may make predictions 
weaker, thanks to STS this is not the case. Indeed the STS relation: 



- (u)^ =p(l -p)iui - U2f- [ —7— ^ 

Jo w (1 

provides a normalization 



^^{u^)-{u)^^p{l-p)iui-U2r^T / _^^((ui-«2)^)„. ^-((ui-«2)')„, (133) 



{{ui~U2fU^{y')y^^ (134) 

where here and below {0{y))y — J dyO{y)D{y). 

In practice it is easier to compute moments of the renormalized force, i.e. take a derivative of (|127p : 

^ = Ti-{uiXidx,+U2X2dx,)H^^^r^;^)\x.-e^-^.^ (135) 
^ U,XI+U2WX2 

Xi + wX2 '^'=^ • ^ ' 
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One can check that the STS also guarantees that the average force is zero: 



V'(v) 

^ = (137) 



We have used and: 



^ — ( — ITT — Y ui) = T M2 - ui hi (138) 

Jq W A 1 + WX2 A 1 

^T{u,2 In ^'^^^ )d = ^T{ul2)Dm^i = Tv (139) 
A 1 z 

and (|134p . Here and below we repeatedly use two important symmetry property of the droplet averages: 

D{ui,U2) = D{u2,ui) (140) 
D{-ui,~U2)^D{ui,U2) (141) 

The functions P{ui) and D{ui,U2) also satisfy two important relations. It is shown in Ref."2£ (Section IV. B there) 
that: 



P'(ui) = J du2U2iD{ui,U2) (142) 
—mdmP{ui)='m? I du2{u\ — u\)D{ui,U2) (143) 



The first equation is a consequence of STS and implies (upon integration) an infinite set of relations between moments. 
It encodes for the low temperature limit of a subclass of all the STS relations between moments. The second equation 
is a consequence of the more general one: 

-m9™P(ui, U2, E) = -m^iuj - ul)dEP{ui,U2, E) (144) 

for > 0, which arises from the facts that (i) the dependence oi E = Hv{ui) — Hv{u2) in m arises only from the 
explicit TO dependence (using the minimum condition) and (ii) the dependence of the typical ui and U2 in to becomes 
subdominant (compared to m^'-) when _B > in the universal limit m ^ 0. Indeed changes in ui and U2 come only 
from switching from one low lying state to another (i.e. at i? = 0). Integrating ()144|) over E yields ()143|) . This 
point reexplained in Section fl VP II Integrating (|144p over E yields (|143p . This equation also implies an infinite set 
of relations between moments, as discussed irt^i (Section III.D, IV B, and especially Appendice C there). Of course 
(|144p neglects an additional feeding term from three wells, and as such is a truncation of an infinite hierarchy of 
equations. These additional contributions are however expected to lead to corrections to higher order in T . 



2. second moment R{u) in the thermal boundary layer 

We now compute: 



R"{v-t) V'{v)V'{t) . , U1X1+U2WX2,, ^~ U1Y1+U2WY2 



Upon expanding the first term is subdominant of order and is discarded. The cross term vanish since, as we have 
just shown V'{v) — 0. Remains to be computed: 



U1X1+U2WX2U1Y1+U2WY2 2\ , rp/,/^ ^ V V W , nfrr2\ nAa\ 

— T^— — Y V ^ V — = {u^)p + T{h{Xi,Yi,ui,X2,Y2,U2))u,+0{T) (146) 

Ai + WX2 Yi + WY2 

= {ul)p + T(h,,{Xi,Yi,ui,X2,Y2,U2))u,+0{T^) (147) 



where we have defined: 



h{X,,YuU,,X2,Y2,U2)= I ^(!^ 



^ dw ,UiXi + U2X2'W UiYi + U2Y2W 2x -r,N 

Ui) (148) 



X2W Yi + Y2W 
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This integral is easily done but is greatly simplified if one uses tfie symmetries (11411) . For that purpose one defines: 

hs{Xi,Yi,Ui,X2,Y2, U2) = Yi, Ui, ^2, M2) + /l(X2, Ys, ^2, ^1, Ul)) (149) 

hss{Xi,Yi,Ui,X2,Y2,U2) - ]^{hs{Xi,Yi,Ui, X2,Y2,U2) + hs{X2,Y2,-Ui, Xi,Yi,-U2)) (150) 



A little calculation yields: 



h,s{Xi,Yi,uuX2,Y2,U2) = i(Mi -U2)'^^lnZ (151) 

^ = £ii±i — g"i^(«i-"2)(f-t) (152) 
X2Y1 

Denoting y — U2 — ui the final result is very simple: 

R"{v) = i?"(0) + m^T{y^F2{m^yi!))y (153) 
^.(^)=4C0th---.--^--.--^ + 0(.«) (154) 

Thus we have now an exact correspondence between the droplet probability of two degenerate minima distant from y, 
D{y) in (jl30p . and the full function R{u) in the TBL: they contain the same information. The question posed in the 
beginning of this paper is thus finally answered. Each higher derivative R'^'^'^^O) is proportional to a moment {y'^^^^)y 
of D{y). It may come as a surprise that only y — ui — U2 appears in these formulae, since after all the system is in 
an harmonic well. We will see below that this property extends to the third moment, things change after the fourth. 
The value of R"{u = 0) can also obtained more directly as: 

TT2 -R"(0) , 2\ , ,Ui+U2W 2 / 2\ rj.'^ii \2\ / 2\ ^ i^rr\ 

1 + w 2 
It is instructive to display the integrated versions: 

R'{v) = R"{0)v + m^T^{yG2{m^yv))y (156) 
R{v) = i?(0) + ^R"{Oy + T\H2{n?yv))y (157) 

G2(z) = ^ + |(^ - 4 + 41n(l - e-^)) - \u2{e-^) (158) 

H2{z) = -C(3) + - \z^ + ^^z^ + \z^ ln(l - e"^) - \z^ ln(l - e^) - izLz2(e-^) - zU2{e^) + L^3(e^) 

which contain polylogarithm functions Lin{z) — X^fcLi ^^'^/fc". Those would have appeared if we had computed 
disorder averages of the In in the potential (|127p . rather than the force. 

As was recalled in Section |lT] we expect that the large v limit coming from the TBL should match the small v 
behaviour coming from the outer (zero temperature) region. We find that for v oo: 

The linear cusp of the zero temperature fixed point is thus beautifully reproduced with the exact result for d — Q: 

i?"'(0+) 1 {\y\^)y 



2 {y 



2\ 



(159) 



both sides have dimension of length. Similar relations will be derived in higher d in Section |Vl In d = it will be 
further confirmed below for the Sinai Random Field case from the exact solution for the function R{u) in its outer 
region. 

The last question of course is the validity of the droplet calculation. One should see the droplet model as one 
possible solution of all the STS and ERG constraints on correlations at low temperature. In d = and for LR 
disorder (i.e. when there is a glass phase) it seems fairly inescapable, although a proof would be welcome (beyond the 
Sinai case). It could fail in two ways. In the first case, two wells are indeed sufficient to describe low T, and failure 
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would then require very peculiar correlations between E2 — Ei, when it is of order T, and well positions (e.g. like 
eigenvalue repulsion). Or, second case, more than two wells are needed. The latter may happen as — > since then we 
know (e.g. for a logarithmic Ro{u)) that many wells are important in the low temperature phase, where some replica 
symmetry breaking (RSB) phenomenon takes place^. We also know that for infinite N in d — these many- well 
quasi-degeneracies take place. Lastly, let us point out that these results, described here within the disordered model, 
can also be understood within the Burgers approach. We do not wish to anticipate on this topic until Section HV E) 
and pursue here along the FRG path. 



3. higher moments 

The droplet calculation of all the higher T^-moments S'*^"-'(wi..„) turns out to be possible along the same line in the 
full TBL, i.e. for all arguments Vi fixed. From these, one can of course obtain all the M^-cumulants and F-cumulants. 
Here we give only the result for the third and fourth moments. The general result and calculation is performed in 
Appendix [Gl 

The third cumulant reads: 



Siii{vi,V2,V3) ^ Siii{vi,V2,V3) ^ -V'{vi)V'{v2)V'{v3) ^ m^T{y^F3{m Viy,m V2y,m V3y))y (160) 

1 2 

F3[zi,Z2, Z3] = -{zi{F[zi - Z2, zi - Z3] - g) + 2perm) (161) 



2 l + e"+'' 2 1 cosh Si± 2 1 , 1 
- = T 77 TT = K = - coth(-) coth(-) 

3 l-e° 1-e'' 3 2 sinh(f ) sinh(|) 3 2 4^ ^2' 6 



where y = ui ~ U2- One can check (statistical) translational invariance (STS), i.e. 5'iii(wi + w,W2 + f,f3 + v) = 
Siii{vitV2,V3) for any v, S using coth(a; + y) = (1 + cothx cothy)/(cotha; + coth y) and symabc{^ — ab){l — ac)/{a — 
6)(a — c) = 1/3. Since one can shift all the arguments by —vi, the equivalent information is contained in the function: 

1 (z2 - 2z3 - (z2 + Z3)cosh2;3)sinhz2 - (z3 - 2z2 - (^2 + 2;3)cosh02)sinhz3 

^3[0, Z2, Z3\ = — — r-r r-TT ^ (163) 

12 smhz2 — smhz3 — smh(z2 — Z3) 

Starting from the fourth moment the structure changes slightly: 

0iiii(wi,W2,V3,i'4) = {uf)p + m^T{y^F4[m'^yvi,m'^yv2,m^yv3,m^yv4]))y (164) 
+m^T{uiU2y'^Fi[m^yvi,m^yv2,m^yv3,m^yVi\))ut,v + O(T^) (165) 
F4[zi, Z2,Z3, Z4] = -{ziF[zi - Z2, zi - Z3, zi - Z4] + 3pcrm) (166) 

F4[zi, Z2,Z3, Z4] = i(ziF[zi - Z2, zi - Z3, zi - Z4] + 3perm) (167) 

1 + pO.+h+c 

^ ' ' ^ (1 -e°)(l -e'')(l -e^) ^ ^ 

F(a,6,c) = -3+-^ + -^ + -^ (169) 

1 — e" 1 — e° 1 — e'= 

i.e. the second term involves not only y — U12 but also an explicit ui, i.e. on the precise nature of the harmonic well. 
Note that this term resembles a disconnected contribution with one second cumulant and one temperature. The fact 
that the TBL of R and S do not depend on ui probably reflects some universality of R and S with respect to infrared 
cutoff procedure. 



4- check that the droplet solution obeys the FRG equations 

The above solution should satisfies the FRG equation (within the TBL). There should thus be differential relations 
between the functions Fn introduced above. Let us examine the derivative of the ERG equation for the second moment 

diini): 

2T 2 - 

-mdmR'iv) = -^R'"{v) + -^Sin{0, 0, v) (170) 
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and consider v = Tv with v = 0(1)- From (I16ip the feedback from the third moment involves 

I- 4ze^ + (z - 3)6^"^ 
12(e^ - 1)2 ~ 360 



3 + z + 4ze^ + (z - 3)6^^ z^ , , , 



Thanks to the exact relation: 



Fs[0,Q,z] + F^[z] = ^ (172) 



where F2 is the TBL function of the second cmnulant (|153p one finds that the r.h.s. of (|170p simplifies into: 

9T 9 - 1 

—R'"{v) + — 5ni(0, 0, v) = -m'T{y%i + 0{T^) (173) 

a simple (linear) quantity of order 0{T) in the TBL. The l.h.s. of (|170p is a priori of order 0{T^) apart from the 
single "zero temperature" piece containing R"{0)v (since v — Tv) thus if FRG is obeyed one should have: 



-md,nR"{0)v = -m6(y4)^„ + o{T^) (174) 



This can be checked using now an exact relation (not dependent on droplet assumption) which is obtained by taking 
an additional derivative of (I170p at it = 0, and noting that the third moment S can only start at order (i.e. 
sf^liO, 0, 0) = 5^1^2(0: 0> 0) = 0, see e.g. Appendix B of Ref. '36). Hence: 

IT 

-m9„i?"(0) = ^i?""(0) (175) 
If we now use (|153p to evaluate R""{Q) we find consistency since: 

1 

Y2 



TR!"'{Q) = m^y^)yF!^{Q) + 0{T) = m'-{y^)y + 0{T) (176) 



Thus the FRG equation for the second cumulant is verified by the droplet solution in the TBL. 

Let us now check the ERG equation for the third moment. From (|112l) . taking three derivatives one finds: 

-md^Siii{vi,V2,v:i) = ^(9^ + a| + 9|)^in(wi,i,2,t;3) (177) 
2 - 

+ ^(<3211l(wi, Wl, ^2, W3) + (5211l(l'2, V2,Vi,Vz) + (5211l(w3, 1^3, ^i, W2)) (178) 

In the TBL the r.h.s. of this equation should be of order 0(1), and one can in fact show that it exactly vanishes. 
Indeed one can check that the above solution (|16ip and (|164p satisfies: 

{dl^ + dl^ + dl^)Fz[zi,z2, 2:3] + dz^Fi[zi, 21,22,23] + 9^2^4(22, 22, 21, 23] + Sz^^tN, 23, 21, 22] = (179) 

9zi^4[2l,2l,22,23] +932F4[22,22,2l,23] + ^4 [23 , Z3, Zl , 22] = (180) 

In addition, there is no 0(1) constant piece from the r.h.s. since 5111(0,0,0) = 0. Thus the FRG equation is obeyed 
in the TBL. 

To conclude we have obtained the solution of the FRG equation for all cumulant in the TBL. It is parameterized 
by a single droplet distribution, i.e. a function _D(ui,U2). This function remains arbitrary, i.e. one needs information 
outside the TBL to determine it. Let us point out that in the terminology of Re^ what is obtained here is the full 
TBL, all Vi = 0(1). Cumulants higher than R{u) exhibit additional intermediate regimes between the full TBL and 
the outer region where all Vi — 0{\). These are the so-called partial BL, where some Vij are of order one, other of order 
T. We have not obtained the solution for these (except, see below in the Sinai RF case where they can in principle 
be computed). They will be discussed below in the language of Burgers, where they are associated to correlations 
between shocks, while the full TBL corresponds to a single shock quantity, rounded by viscosity (i.e. temperature). 



5. Droplet observables in Sinai case (random field): 



For the RF Sinai case, thanks to the Markovian properties of V{u) (which is a simple Brownian walk in "time" 
u) it is possible to obtain analytically the droplet probabilities P{ui) and D{ui,U2)- This was performed in Refi^ 
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H(u) 




)* ul ul* 

FIG. 1: A random lansdscape such that the minimum of H{u) = V{u) + ^u^ on a given interval u £ [uq, u^] is at position ui 
and that the energy differences with the two edges are Vo = H{uq) — H{ui) and Vi = H{uD — H{ui) 
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FIG. 2: The same as Fig[T]where V{u) is plotted, together with the inverted parabola y = —^u^ + H{ui). 



and we recall the results. Here we choose the parameters = 1 and {V{u) — V{u'))'^ = 2a\u — u'\ with a = 1, 
the general case is easily restored at the end performing the change of spatial scale u ua~^^^m^/^ and energy 

V -> ^(7-2/3^2/3^ 

Let us first recall a more general result obtained in Ref. [H for the joint probability, denotediSl 
n!^\uq, Vq, Ul, Vi, ul)duidVodVi that the minimum of H{u) — V{u) + ^u'^ on a given interval u € [uq,uI\ is at position 
Ul (within dui) and that the energy differences with the two edges are Vq — H{uq) — H{ui) and Vi — H{u*i) — H{ui) 
(within dVo and dVi). This is illustrated in Fig. [TJ This is equivalent (see Fig. [2]) to the condition that the Brownian 
walk V{u) must remain above the (inverted) parabola centered on w = 0: 



V{u)>--+Ei 



(181) 



with one contact point at ui where the equality holds (i.e. the walk is on the parabola), i.e. Ei = H[ui) = ^-\-V{ui), 
and start and finish at 



V{u*)^V{ui) = - 



V, 



2 2 

It was found (formula (D.5) in Ref. [28l) that: 

h{u, UR, Vr) = eA("'-"«)+5"«^«/i(u« - u, Vr) 
h{u,V) 

h = l/a^ and a = 2~^/^ and the normalization identity: 



+ 00 



d\ ^)^^ Ai{aV + iXb) 
2n'^ Ai{iXb) 



dVi / dVo I duiN^^\ulVo,ui,Vi,ul) 
Jo 



(182) 

(183) 
(184) 

(185) 
(186) 
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From the Markovian property it factors into two blocks, where the right block is h{u, ur, Vr) is the probability that a 
walk which starts on the centered parabola at time u' — u remains above it and ends up a vertical distance V/j above 
the parabola at u' = ur (the left block is its mirror image). These are obtained as " renormalized bonds"^^ in the 
RSRG method of Ref.lH. The function Ai{z + V)/Ai{z) ^ e~^^^'^ thus for ^ > it decays everywhere. If w > the 
contour in (|185p can be closed on the side Re{z) < 0, and gives a strictly positive result. If w < the contour can be 
closed on the Re{z) > side and gives zero, i.e. h{u,V) = for w < 0. Note that duh{u,V) = Ai{aV)/Ai{0) 
and h{u, 0) — d{u). 

(2) 

From one can obtain both P{ui) and D{ui,U2)- Taking the interval [uq,u^] to become the whole real axis 
] — oo, +oo[ one obtains the distribution of the position of the absolute minimum: 

P{ui) = g{-ui)g{ui) = g(~ui)g{ui) (187) 

POO 

g{u)= lim / dVRh{u,UR,VR)^e''"^^^g{u) (188) 



Uji — >oo 

r'+oo i\ ^-iXu 



2n aAi(iXb) 

= ^ y e'"''/''—^ foru < (190) 

k 

The normalization condition 1 = duiP{ui) follows from the Airy functions identity TT{Bi{z) / Ai{z))' = \/Ai{z)'^ 
which implies /J*^ |^ a'^Ai(i\bY ^ ^- ^^^^ ^^^o that Ai{z) ^ 2;^i/ig-2z^^^ /3 j^j. j^rge \z\. Thus 1/Ai{z) decays only for 
|ar(7(z)| > 7r/3 and the contour can be closed along negative z only when u < resulting in a sum over the zeroes ~Sk 
of the Airy function. Each factor g{u) arises from the probability that a walk which starts on the centered parabola 
at time u' = u remains above it for all larger u' . One has the asymptotic behavior: 

g[u) ^u^+oo 2a3„e-"'"'/3 (191) 



2a 
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The probability of (quasi) degenerate minima (within e) can be obtained by considering two adjacent blocks (see Fig 
[3]), setting e.g. Vi — e. One defines: 

d{ui,U2) = dvJi{ui,U2,VR)\vii=o (193) 

such that the quantity: 

ed(ui, U2) = eeT^("i""2)ff(u2 - ui) 

d{u) = dvh{u, I/)|v=o = a ^e^A„^4*^ ^^^^^ 



27r Ai{iXb) 

describes the probability that a walk which starts on the centered parabola at time u' — ui remains above it and 
terminates within e in energy of the parabola again at time u' = U2 > ui. Note that the integral in (|194p should be 
taken in the sense that ud(u) is the Fourier transform of the second derivative of In Ai(z). Using the above asymptotics 
for Airy functions, this yields that at small u one has: 

ud{u) - (195) 

as can be obtained from the return probability to the origin of a simple random walk (since on that scale the curvature 
of the toy model energy landscape does not play any role). The total droplet probability also takes into account the 
two outer intervals with the net result^: 

D{ui,U2) = D{UI,U2)0{U2 — Ui) + l)(-U2, Ul)9{ui — U2) (196) 

Z)(ui, U2) = g{-ui)d{ui,U2)g{u2) = g{-ui)d{u2 - ui).g(u2) (197) 

It is easy at this stage to restore the dependence in arbitrary m and a. One just needs to replace everywhere here 
and below: 

a = 2-1/^-2/3^2/3 ^ 6 = 22/3ai/3m-4/3 (198) 
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FIG. 3: The probability of a landscape with two degenerate minima (within e) can be obtained from two adjacent blocks with 
Vi = e 



which still satisfies a'^b = 1. It was checked in Section IV-D of Ref.^^ that the STS and ERG identities (|143p are 
indeed satisfied^°- by these exact results for P{ui) and D{ui,U2)- 

The total probability density (|130p that there are two quasi-degenerate minima separated by y = wi — M2 thus reads 

Diy) = d{\y\) r dug{-u)g{u+\y\) = ah ^ p [^^ TTtSt^M^ (^^g) 

J-oo J~oo 27r J_^ 2tt Ai(iXib)Ai{iX2by 

a f^-dX^ ^ A^'{^X,) ^^^^^ 



b 2-K y^oo 27r Ai{iXi)Ai{iX2Y 

with D{—y) = D{y) and which satisfies the normalizationiiS: 



/+00 2 
dyy^D{y) = ab^ = — (201) 
-oo 

The final result for the renormalized disorder correlator in the TBL for the Sinai model is thus: 

R"iv) - R"iO) = dyD{y)y^(^ coth -\) (202) 

where D{y) is given by (|200p . Below we obtain R{v) outside the TBL, and we check the matching explicitly between 
the two regimes. 

It is useful to recall the (half) generating function^^: 



200 



dz2 1 r°° dzi Ai'izi) 
2iTT Ai{z2Y J -too 2«7r Ai{zi) bp+ Z2 — zi 



D{p)^ I dyD{y)e-py ^ a I ^-^-—^j _ (203) 



dz2 1 Ai'{z2 + bp) 

2in Ai{z2)^ Ai{z2 + bp) ^ ' 

The second expression is obtained for 6p > by closing the contour on the Re{zi) > side and using Cauchy's 
theorem, and is somewhat formal, but allows to obtair^iii the moments'^-: 

-foo 

dy\y\'D{y) ^ 2a^'^~''^/'m^'-^'^'>/'y, (205) 

-OO 

» - (-i)'2'-"'-'/;; ^ .A)-j^ ,20.) 

One notes also, from formula (124) oP^, an unexpected relation D{p) — ad/ dEP\f) ao[{E)\E=bp with the probability of 
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the minimum energy —E on the half hne. One has: 



2/2 


= 1 


2/3 


= 1.80258 


2/4 


= 4.21695 


2/5 


= 11.6187 


2/6 


= 36.0516 


2/7 


^ 122.769 



(207) 
(208) 
(209) 
(210) 
(211) 
(212) 

The droplet distribution immediately allows to obtain the (normalized) distribution p{s) of shock sizes s = Ui+i — 
Ui > . This quantity will be defined in Section HV E 41 where we demonstrate: 

p{s) = {s)rj^ sD{s)e{s) (213) 

/ D 

From this we can compute the dimensionless universal ratios, independent of any parameters (m or a): 

{s'+'){s'-'){s'')-' = y,+,y,y^^, (214) 

This yields: 

(/)(s)(s2)-2 = y^y^y-^ ^ 1.2978 (215) 

(/)(s2)(s3)-2 ^ y^y^y-2 ^ ^ ^ J Q (216) 

(/)(s)2(s2)-3 = y^y2y-3 ^ ^ Q^^QQ ^217) 

Note that the density of small droplets diverge as D(y) ~ y^^^^ at small y, hence the distribution of shock sizes 
has a p{s) ^ s"^/^ a,t small s. At large s they both decay with a faster than gaussian stretched exponential tail 
exp(— Bs'^) as can be seen from (|199p and (|19ip . 



C. Ambiguity-free zero temperature beta function to four loop via the ERG 

In this section we study the F-Exact RG defined in Section llV A3I for d = and A^ = 1. We show how it reproduces 
the T > beta function of Section [TTl We then recall the method introduced in Ref to study the partial boundary 
layers (PBL) and obtain the correct large I, Ti 0, "zero temperature" limit of the beta function. Next, we finish 
here the job started in Ref.^^ to obtain the unambiguous beta function. There, only a simplified version was presented 
to three and four loop, in which one arbitrarily sets the roughness exponent C to zero. In the two loop part C was kept 
non trivial, but the version given there was unnecessarily heavy as it contained convolutions which, we show here, 
can be removed. 

Let us recall the F-ERG equations for the rescaled cumulants of Section flV A 31 

R{u)^^m'-^'^R{umi) , ^(3) ^ 1^2.-2-6C^(3) ^ ^(4) ^ _L^3.-4-8C^(4) ^ f = 2Tm'' (218) 

UiTTi'' being implicit as arguments of all rescaled cumulants and 9 = d — 2 + 2( = 2 — e + 2(. Everywhere here e — 4 
{d ~ 0). We denote di = —mdm everywhere 

diR{u) = (e - 4C + Cudu)R{u) + fiR"{u) + ^R"{uf - R"{0)R"{u) + s[%{0, 0, u) (219) 
diS'^^Hui23) = (2e - 2 - 6C + Cu^^u,)S^'\u,,,) + [^S^^l{u,23) + ^R" iu,,)R" M] 

+3 [R"{u^2){S[fo(.^113) - S[%{ui23))+lR"MR"{ui3f - |R"(ui2)R"(w23)R"(?^3i)], 

+ l[s[tUuii23)] (220) 

where 7 = 3/4 and [..] denote symetrization over the three arguments. We have defined R"{u) ~ R"{u) — R"{0) and 
various other notations are given in (j72p and (|73p . The fourth cumulant is needed only to three loop. The equation 
(l^rg)) setting 5*'^' = already yields the one loop beta function. 
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1. two loop 



We first show how to recover the two loop contribution to the beta functions at non zero temperature, displayed in 
Section ITTl and obtained there by a more standard field theoretic method. We recall, as detailed there, that the n-loop 
contribution is a sum of terms of the form Jl^+^-P ^ p = Q, ..n. To two loop we need the third cumulant equation 
(I220p but we can discard the fourth cumulant feeding term in (|220p (which contains only TB? and terms), as well 
as the RS term, and the TS" term (since the expansion is also in T), these terms only yield contributions at three 
loop. Thus only the TR^ and R^ terms remain in the r.h.s. of (|220p . apart from rescaling. It is then natural to look 
for the solution under the form: 



S^^H^m) = ar [r"(ui3)R"(w23) 



R"(wi2)R"(^il3)' - TrR"(^il2)R"(w23)R"("3i; 



0{T^R'^,TR^,R'^) 



(221) 



where [...] means symmetrization. One can compute its flow using (|220|) to lowest order (i.e. zero loop) and one finds, 
in schematic notations: 



C3=di- CuA, - (2e - 2 - 60 

C3[R"R"R"] = (2 + e)[R"R"R"] + 0{R\ TR^) 

C3f[R"R"] = ef[R"R"] + 0{R'^, TR^) 



(222) 
(223) 
(224) 



where we have used difi = (e - 2 - 2C)T/ and (9/ - Cuidu,)[R" R" R"] = 3[R"R"idi - Cudu)R"] + 0{R'^,TR^) 
3(e - 2C)[R"R"R"] + 0{R^,TR^). This implies 



a ==3/8 , /3 = 37/(e + 2) = 3/8 



(225) 



Note that ( plays no role here, hence it can be first set to zero and later restored in the beta function by global 
rescaling. In that case however one does not deal with a fixed point and it is essential to retain and compute to each 
number of loop the flow term di (which provides order by order what is usually called counterterms) . The feeding 
term into (I^TOl) : 



S[lli0,0,u) = lf[[R"R"]"] + l[[R"R"R"n 

^ \fR"'{uf - -f{R!'{u) - 7?"(0))7?""(0) + -(R!'{u) - R!' {Q))R!" {uf 
8 4 4 



where we use schematic notations, reproduces correctly the two loop contribution 
its large / limit is: 



(226) 
(227) 

As discussed in Section (jll B 2p 



5^?) (0,0,^) = -(R!'{u) - R!'m[R!"{uf - r^^^O)) + 0{T) 



1 



(4)/ 



(228) 



On the other hand one can evaluate (|22ip in the outer region ui2 = 0(1) = U13. It has a nice, but non-analytic limit 
as I — > 00, i.e. setting Ti —^ 0. We can now take the limit of the resulting function when arguments become close: 



1 ^, 



1 



S[iliO,0+,u) := hm S[%{0,v,u) = -{R!' {u) - R" m{B"' {uf - R'" {Q+f) 



R!"{0+YR""{0+)u' + 0{\u\') 



(229) 
(230) 



where the limit lim^,_,o+ (-R"(i') — R" {Q))R"" {v) vanishes. Of course taking instead uniformly the limit 1; ^ 0^ yields 
the same result. The notation here means that v is taken to zero with v = 0(1), i.e. within the outer region, also called 
inertial range in Burgers turbulence (see Section flVEp . To the two loop accuracy these two expressions are identical 
since we have shown in (15^ that to one loop r*^'')(0) = i?"'(0+)^ (in the turbulence context it is the Kolmogorov 
relation to one loop, see Section flV E[) . We will see in the Burgers Section flV El below why we expect very generally 
that: 



5j?|,(0,0+,u) = ^lto(0,0,u) 



(3), 



(231) 
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holds exactly (to any number of loop). This "matching" identity was in fact demonstrated in ReflU using a systematic 
analysis of partial boundary layers which we now recall. Consider W13 = 0(1). Examination of the ERG equation 
(|220p indicates that there are two regions as U12 0: 



S^{U123) ^ f^ul2Hui3) + Tih^^^\ui2,Ul3) + 0{fi^) Ul2 = 0(1) 
S^{U123) = ul^H^u) + |w12|V(m13) + Oiuf^) Ui2 = 0(1) 



(232) 
(233) 



with ui2 = U12/T, the first region being the partial boundary layer (PBL21) and the second the outer region. Plugging 
each form of (|233p in (|220p one obtains two equations, one vahd for PBL21, the other, displayed below, is the outer 
equation. As discussed in Ref 'sg' they appear to imply (as an exact relation to all orders) that 4>{u) = <^(u), which 
we set from now on and is equivalent to (|23ip sincei^ s['^^q{0,0,u) = —2(j){u). The (loop) expansion in powers of R 
can be set up as: 



sf^^{Q,Q, u) = -20(w) = -2(0o(^i) + 01 (u) + ..) 



(234) 



where 4>n{u) is 0(i?"^'^). At two loop order we can write the equation for (j)Q{u) from the one for S'^^-' in the outer 
region: 



^lM^^) = (2e - 2 - 4C + C"a„)0o(w) - 7R"(^)(^"'(")' - R"'{0+)') 



(235) 



the last term is the [R"R"R"] feeding term in (|220p . the only left to two loop order and Ti — > 0, expanded to order 



*12 



. It is by definition the same term as ((229)) above. Using that: 



{di - 3e + AC~Cudu)R"iu)iR"'iuf - R"'iO+f) - 0(i?*) 



(236) 



from the lowest order, rescaling part (i.e. zero loop) of the equation for R, one can check that the solution obtained 
by equating —2(j)o{u) with the right hand side of (|229p obeys indeed (|235p . The coefficient 1/4 in (|229p comes from 
the coefRcient 2j/(e + 2) = 1/4. Hence we recover the above two loop bewta function and the convolutions in the two 
loop term of Ref. 36 (Eq. (187)) are indeed unnecessary. Note finally that we would obtain the same equation (|235p 
for (j>o{u) from the large argument U21 limit of the PBL21 for 5, as shown in Ref. i36i . 



2. Three loop 



To obtain the non zero temperature beta function to three loop from the ERG one needs R'^,TR'^ or T^R^, thus 
one must now include the equation for the fourth cumulant 



diS'^^Hui23i) = (3e - 4 - 8C + CurduJS''^Hui23i) + 47f [r"(?/i2)R"(?/i3)R"(ui4) 



(237) 



Ix, 



+67'[R"(«12)'R"(«13)(2R"(«14) + R"(^24)) - 2R"(7.3l)R"(«14)R"("l2)R"(^i23) + ^ R"Kl)R"(lil2)R"(«23)R"(^34) 

with 7 = 3/4, 7' — 1/2, keeping only the needed terms (the complete one is displayed in Eq. A15 of Appendix A 
in Ref 36 ). [...] denote symmetrization, here over the four indices. One can solve (|237p by extending the method of 
the previous Section, plug in (|220p and solve again using this time the one loop beta function for R. It is somewhat 
tedious and is summarized in Appendix IH II One recovers the three loop finite temperature beta function (|35|1 . 

We now recall and finish the derivation of the correct three loop " zero temperature" beta function from the method 
of Ref. m. Let us first write the equation (|220p for 5^'^) in the outer region: 



5i5(3)(ui23) = (2e - 2 - 6C + Cu^^u,)S^^\u,23) - 3 R"(wi2) (20(7.13) + S[Z{ui23)) 



1;^ 



R"(7.12)R"(U13)' - -R"(^^12)R"(^23)R"(W31) 



0('"H«12,W13)' 



(238) 
(239) 



where the last term is the fourth cumulant feeding. It requires two points taken close together, and involves a function 
0(211) -^hich generalizes the function of the third cumulant: 

5(4)(W1234) =r2u220(211)(^13,Ul4)+ffs(211)({fi2,Ul3Wl4)+O(f*) M12 , M13 , U14 , ^34 = 0(1) (240) 



S^^\m23i) = ul,(b^^''\u,s,Uii) + 0(|U12|3) 



0(1) 



(241) 
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the first region is called PBL211 and the second one is the outer region. The identity of the two functions (/)(^^^) is 
again the continuity statement of the zero temperature limits: 

S[ll{ui,uf, Us, Ui) = S[ll{ui,ui,U3, U4) (242) 

Next one needs to expand (|239p itself to order 0(mi2)- One finds: 

{di - (2e - 2 - 4C + Cudum^) = -lR"iu){R"'iuf - R"'iO+f) (243) 
+ (<?!>" (w) - 0"(O))R"(w) + 30'(w)i?"'(M) + 67?"'(0+)V'(w) - (244) 

with u = U13. On the first line one recognizes the two loop terms, the second line contains the contribution of the 
R" S" terms, involving also the cubic expansion function if) in (|233p . and 77 represents the fourth cumulant feeding. 
We now expand each function 0, ip and rj as in ()234p . We recall from the previous Section: 

Uu) = -^iR"{u){R"\uf - R"'{Q+f) (245) 

Expanding (|244p to next order in R we obtain: 

{di - (2e - 2 - 4C + Qudu))Mu) = [{^^{u) - 0[,'(O))R"(u) + 2,<P'^{u)R!" {u) + 6i?"'(0+)Vo(u)] (246) 

+ 770 (m) - dl\R2(j)Q{u) 

where we must take also into account 

di\R2Mu) = --^"f[5R"{u){R"'{uf - R"'{0+f) + 2R"{u)iR"'{u)SR'"{u) ~ R"'{0+)dR"'{0+)] 

dR"{u) = i?"'(ii)2 - i?"'(0+)2 + R"{u)R""{u) (247) 
SR'" (u) = ik'" [u)R!"' {u) + R" (u)i?(5) {u) (248) 
5R"'{{)+) = 3i?"'(0+)i?""(0+) (249) 

from the flow i.e. the beta function of R to order R^ (since </)o was found by neglecting those terms, and higher 
order ones). The two other functions are obtained from: 

diM^) = (2e - 2 - 3C + (:udu)Mu) + l[\R"'{0+)R"'{uf + R" {u)R"' {Q+)R!"' (250) 

diijo{u) = (3e - 4 - 4C + CudMu) + 7'[^(i?"'(")' - R"'{Q+)f (251) 

+12R" {u){R!"{ufR""{u) - R"'iO+fR""{0+)) + R"iu)^R""iuy] (252) 

(253) 

Proceeding as before one finds: 

ryo(ii) - J^7'[^(i?"'(")' - i?"'(0+))2) + 12R" (u){R"' {uf R"" {u) - R'" {Q+f R"" (0+)) + R"{ufR""{uf] 
Mu) = ^l[\B"'{Q+)R"\uf + R"(«)i?"'(0+)i?""(0+)] (254) 
All terms feeding (f)i have the same eigenvalue w.r.t. the linear operator so we find: 

Mn) = -^:^(^o(^^) + - <i^'i{u))R"(u) - i<j,'^{u)R"\u) - m"'{o+)Mn)] - diU^Mn)) (255) 

It is instructive to compute each piece separately: 

(K(0) - <t>'^{u))R"{u) = -L.^R''{u){hR''''{u)R'''{uf - i?"'(0+)2(i?""(«) + 4i?""(0+)) (256) 
+2R" {u){R"" {uf + R'" {u)R^''\u))) (257) 
-^(t>'o{u)R"' {u) = ■^^{R"'{uf{R"'{uf - R"'{Q+f) + 2R" {u)R"'{ufR""{u)) (258) 

-6i?"'(0+)V'o(u) = -^^j[^R"'iO+fR"'iuf + R"iu)R"'{0+fR""iO+)] (259) 
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while the contribution to the correction term is: 

6PziooAR]{u) - ^^5,U^0o(^) = -^[5R"{u){R"'{uf - R"'{0+f) + 2R" {u){R"' {u) 6 B"' {u) - i?"'(0+)<5i?"'(0+)] 
Putting aU together we obtain the final result for the beta function to three loop displayed in the next subsection. 

3. final result for the beta function to four loop 

Let us now display our final result for the unambiguous T; — > beta function to four loop. The three loop term 
was obtained by three independent methods. The first two are based on the F-ERG: the first one involves detailed 
considerations of the partial boundary layers and is described in the previous subsection. The second one uses the 
continuity structure of the various cumulants and was described in the appendix G of Ref. IbgI . hence we will not detail 
it here. It allowed us to obtain the four loop term by going up to the F-ERG equation for the fifth cumulant. The 
third method is described in Appendix IH 31 and uses a closure of the VF- moment hierarchy. Being a bit more memory 
consuming, we could only use it to three loop. In all cases where they can be compared the results for the anomalous 
terms are found to be non ambiguous and in agreement. One finds, up to a constant, with R" = R" — R"{0)): 

-md,nR = (e - 4C)-R + C"^' + [^{R'T " R"{0)R"] + ^{{R"T " R'"{0+f)R" (260) 

+ ±(R")2(ij"")2 + A((7?"')2 _ i?"'(0+)2)2 + lR"{{R"'fR"" - R'" {Q+f R"" {0+)) 
+ ±(R")3(i?(5))2 ^ £(R")2^'"^""^(5) + Ir" ((R'y Ri^) _ R'" (Q+f Ri^) (0+)) 

96 16 8 

+ _L(R")2(ij"")3 + ^R"((J^"')2(^"")2 _ li?"'(0+)2(i?"")2 „ ^R'" (Q+f R"" (Q+f) 

+ A((i?"')2 _ R"'{Q+f)((R"' fR"" + _Li?""i?"'(0+)2 _ li7?""(0+)i?'"(0+)2) + 0(i?6) 

The first line are one and 2-loop terms, the second is 3-loop, the last three are 4-loop. Normal terms (i.e. non 
vanishing for analytic R(u)) are grouped with anomalous "counterparts" to show the absence of 0{u) term, a strong 
constraint (linear cusp, no supercusp): these combinations can hardly be guessed beyond 3 loop. This shows the 
difficulty in constructing the FT, already in d = 0. We emphasize that ()260p results from a first principle derivation. 
This was the main point of this calculation, i.e. to show that it can be done. 

We expect that a large class of scale invariant "fixed point models" in d = should be solution of this equation. 
That includes presumably a line of long range random potentials parameterized by a continuously varying > 1 
(equivalently 9 > 0). Unfortunately we do not, at this stage, have any such model which would be a perturbative 
test solution. Hence the interest of this /3-function is mostly as a d = limit of the one we hope can be computed 
in higher d. Note that it would be interesting to derive the corresponding beta function for depinning, since the two 
beta functions are expected to differ only by anomalous terms. 

D. Sinai random field landscape: exact solution of the FRG hierarchy 

Here we describe the solution of the FRG in c? = at zero temperature and focus on the Sinai random field case. 
Modifications at non zero temperature are discussed in the next Section, where the mapping to the Burgers equation 
is further analyzed. Here we specialize to = 1 and whenever we deal with the Sinai RF case we mention it. 

1. shape of the renormalized energy landscape atT — Q and shocks 
At zero temperature one has: 

V{v) — minuHv{u, v) — minu[—m'^ (u — v)'^ + V{u)] (261) 

m"^V'{v) =v-ui{v) ^ m-^V' iui{v)) (262) 

where we denote Ui{v) the value of u which realizes the minimum in (|26ip . There is an implicit m dependence 
everywhere, which plays the role of time in Burgers via t = m~^, and we are interested in the small m regime (large 
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Burgers time t). As can be seen integrating (|262p over v if there is no applied force (statics) ui{v) remains on average 
near v. Furthermore, the motion of ui{v) is always forward as v increases. It is either smooth and satisfies: 

dyUi{v) = — _„3^„, — i-TT (263) 

--^mdmUi{v) = -{v - ui{v))dyUi{v) (264) 

Since ui{v) is the minimum of Hv{u,v) the denominator is always positive and dyUi(v) > 0. If the motion is smooth 
one easily show from ([264]): 

-md„^{ui{v) - vf = ^d4ui{v) - vf + A{ui{v) - vf (265) 



which, averaged over disorder produces the famous dimensional reduction result (u\{v) — v)^ ~ . This cannot be 
correct, though since there are also discontinuous switches forward to another minimum. This happens at special points 
Vi called shocks where Hy{u,v) has two minima. As m decreases (RG time increases) the quantity m~'^V" {ui{v)) 
becomes larger and larger. This is because V" is governed by the typical curvature of the bare potential which we can 
take as smooth and of order unity. In the universal asymptotic regime, when ui{v) is properly scaled by m~^, one 
then finds that in the smooth regions, i.e. in between shocks, Ui{v) is both v -independent and m-independent. The 
asymptotic motion ui{v) thus becomes a staircase discontinuous forward motion. This can also be seen if one takes 
the renormalized (rescaled) landscape to be e.g. the Brownian motion, which has V" infinite. We expect it to extend 
to any of the 6 > landscape. We now study the asymptotic behaviour. 

Thus for each (bare) disorder realization V{u) there is a set of successive minima Ui and shock positions Ui, such 
that: 

m~'^V'{v) = V — Ui Vi^i < V < Vi (266) 

such that u{v) ~ Ui in this interval. At position v — Vi minima Ui and Ui+i become degenerate and switch. The 
discontinuity is m^'^ {V' {vi+) — V'{vi—)) = Ui — Ui+i = V'{ui+i) — V'{ui) (at T = y is the Legendre transform of 
V{u)). This discontinuity will be rounded at small non zero T since: 

m-^V'iv)^v-{u)H^^,) (267) 

and the switch from one minimum to the next will occur smoothly on scale v ^ T. This is related to the internal 
structure of the shocks and studied in the next Section. 

There is a simple and well known geometric construction to obtain V{v) illustrated in Fig 3) For a given v, one 
writes the condition that the landscape V{u) must remain, for all u, above a parabola centered on u ~ v. 

Viu)>E-^-^^^ (268) 

with one contact point at u = ui where the equality holds. The value of E is fixed by the single contact point condition. 
It corresponds to the apex of the parabola and its value is precisely the minimum of Hv{u, v), i.e. E — V{v). 

This construction is then repeated for increasing values of v. Since ui{v) does not change, the touching parabola 
first rotates around this point until, for a given v = Vs a, second contact point appears. At this point v — Vg there is 
a shock (caracterized by U21 — U2 ~ ui). The statistics is then the one of degenerate minima in the toy model. 

There is another, equivalent, useful construction to find the shock positions from the graph of the function <^{u) = 

+ V{u). Since the (convex) function + V{v) is the Legendre tranform of the function $(u), then it should 
also be the Legendre tranform of the convex enveloppe $c(u) of $(u). The two functions coincide $c(u) — ^{u) on 
regular points, while they differ on shock intervals ]ui = u{v~),Ui^i = u{v^)[. Note that this construction, as well 
the parabola construction generalize easily to Burgers in any dimension TV > 1. Finally note that there is yet another 
construction for shocks, known as the Maxwell rule''^, which does not seem to admit any known extension to A'^ > 1. 



2. statistics for the Random Field Sinai landscape case: preliminaries 

We can now go back to the RF Sinai case, i.e. V{u) a Brownian walk, where exact results can be obtained using the 
Markov property. Extending the analysis of Section HVB 51 for droplet probabilities it is possible to obtain analytically 
the full statistics of the renormalized landscape V{v). When convenient, we use the same choice of parameters rn^ — 1 
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FIG. 4: Geometrical construction of the renormalized landscape. The parabola y{u) — —^{u — v)^ + E' centered on m = ?; is 
raised {E' increased from E' = — oo to E' = E) until it touches the curve y = V(u) at a single point (for E' — E) u — ui{v), 
position of the minimum of Hv{u,v). The value at the minimum V{v) — E is obtained from the maximum of the parabola. 

t V(u) 




ul 



u2 V 1 v2 



FIG. 5: As the position v of the center of the parabola is increased (shift to the right with fixed curvature m^), from vi to 
V2, the position of the minimum ui — ui{vi) = Ui{v2) does not change: there is no shock between vi and V2, the parabola 
efectively rotates around the contact point. The next shock is at u = i^s = vs when there are two contact points at u — ui and 
u — U2. Increasing v further, the parabola rotates again around U2 until the next shock and so on. 



and {V{u) — V{u'))'^ = 2\u — u'\ and emphazise connections between the two set of resuhs. Note that some of our 
results here are similar to those obtained in the context of Burgers equationSS. Our method however is different (the 
real space RG of Ref3^) and more general, e.g we also obtain results about the distribution of renormalized potential 
V itself, and later compute the explicit form of the function R{u). 

Single point (i.e. v) correlations of the renormalized landscape are related to the distribution -P(ui) of the position 
of the minimum in the toy model. From the discussion of Section, the probability that the Brownian walk remains 
above the parabola centered on v and with one contact point at ui (see Fig 2]) is: 

p{ui, v)dui = g{v — ui)g{ui — v)dui — g{v — ui)g{ui — v)dui — P{ui — v)dui (269) 

where g{u) and g{u) are given in l|189p and (|188[) . and there is a shift of v due to the position of the parabola. Each 
factor of g represents the probability that V{u) remains above the parabola on the right, and on the left respectively. 
Since the force is F{v) — V'{v) — w — ui this gives also the distribution of the renormalized force at a single point: 

Pi{F,v)dF = P{F)dF = g{-F)g{F)dF (270) 

which is normalized to unity. Its moments were computed in Ref. |28| . 

It is easy to get the energy and force joint distribution in the case where there is no shock between vi and V2. The 
contact point ui remains the same and it is necessary and sufficient that the walk V{u) remains above the parabola 
centered on vi to the left of ui and above the parabola centered on V2 to the right of ui. Then it is above both 
parabola everywhere. From the Markov property and the above result one sees that the measure is: 

p(ui, wi, W2) = g{vi - ui)g{ui ~ V2)dui (271) 

This implies that the joint probability that simultaneously (i) there is no shock in the interval [wi,W2] and (ii) 
E = V{vi) - V{v2), and (in) Fi = V'{vi), F2 = V' {V2) is simply: 



e^''^'-^^^g{Fi)g{-F2)d{F2 - (Fi + W2i))<5(F + ^(Fi + F2))dFidF2dE 



(272) 
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since one has F{vi) = Fi = vi — ui and F(i>2) = F2 = V2 — wi, also ui = l/2{vi + V2) + E/V21 (here and below 
V21 = V2 — Vi). From this measure one can extract one contribution to the function R{u), which is done below, i.e. the 
part corresponding to no shock (the other piece is more complicated). One can integrate over the energy and obtain 

Po{Fi,vi-F2,V2)dFidF2=g{Fi)g{-F2)5{F2 - {Fi + v 21)) dFidF2 (273) 

i.e. the joint probability for i^i, F2 and that there is no shock in the interval V2i- Integrating further over F2 and Fi 
yields the probability that there is no shock in an interval of length U21, which varies between one and zero. 

There is a direct connection between the shocks and the degenerate minima. The statistics of the shock is described 
by the the droplet probability for a toy model whose parabola is centered at the position of the shock. Let us call V2 
the point where the first shock to the right of vi occurs (it is called W3 in Fig. [5]). The walk touches the parabola 
centered on vi at ui, and is above it to its left, hence a first factor g{vi — ui). The walk touches the parabola centered 
at V2 in two points, at ui and at U2, and is above it in between. Finally it must remain above the parabola centered 
at V2 for all points u' > U2 (if it was crossing there would be a shock at a smaller v < V2)- The total probability is 
(taking into account for each parabola the shifted position of its center) : 

eg{vi - ui)d{ui - V2,U2- ^2)5(^^2 ~ V2)duidu2 (274) 

where the function d{ui — U2, U2 ~ ^2) was defined in (I194|) and describes the probability of degenerate minima in the 
toy model. 

One finally obtains the joint probability of ui(ui) = ui and that the first shock is at V2 (within dv2) with the new 
minimum at U2'- 

Pns{ui,Vi;V2,U2) — g{vi — Ui)d{ui — V2,U2 — V2)g{u2 — V2)duidu2U2ldv21 (275) 

= g{F,)d{-F- ,-F+rg{-F+)d{F- - F, ^ V2i){F- - F+)dF,dF- dF+ dv2i 

where in the last line we have expressed the probability for the force variables Fi — ui — ui, F2 — V2 — U1, F^ — V2 — U2. 
This is just (|274l ) taking into account that e — U2idv2 is the vertical shift at U2 of two parabola passing both through 
Ml and corresponding to V2 and V2 + dv2 respectivelyii^. From (|27ip the probability that the first shock is at V2 
(within dv2) is dv2dv2P{ui,vi,V2), thus compatibility between the two results requires: 

poo 

/ dU2d{ui -V2,U2- V2)g{u2 - V2)U21 = g\ui - V2) (276) 

which is exactly the STS relation for the droplets. 

On the other hand one can also study the probability density for a shock. There we have just a single parabola at 
say, V2 = Q the position of the shock. Thus we get the one shock distribution function: 

Ps{ui,U2)duidu2 — g{—ui)d{ui,U2)g{u2)u2iduidu2 (277) 
— g{—ui)d{u2 — Ui)g{u2)u2iduidu2 

one can check that this result is consistent with the one obtained for pi{ii,ri)diJ.dr] in Ref. [13 in different variables 
such that dfidr] = (iu2i^d(M| — 1*1) = ■^U2idu2id{u2 + Mi) = U2iduidu2 {u2 > ui is assumed). 

One method to describe the statitics of the full landscape is to construct successive shocks, thus to write the 
probabilities of the force at two points and vji and having n shocks in between: 

g{vL ~ Mi)J(mi ~ i;i,M2 - Mi)J(m2 - W2,M3 - V2)..d{Un - Vn,Un+l - Vn)g{Un+l - Vr) 

XU2lU32-Un+l,ndui..dUn+lduLdujidvi..dVn (278) 

In principle summing this over n should reproduce the probabilities computed in the next section by different methods. 

3. multipoint statistics for the Random Field Sinai landscape 

Here we obtain the joint distribution of energies Ei — V{vi) and forces Fi = V'{vi) at multiple points. We need to 
impose the condition that the walk V{u) remains above all inverted parabolas centered in Vi of offset Ef. 



(279) 
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FIG. 6: Construction of the joint probability that the renormalized potentials are V{vi) = Ei at points vt: the random walk 
V{u) must remain above all (inverted) parabola centered on the Vi and of apex Ei. 



with one contact point at Ui where the equality holds (i.e. the walk is on the parabola). This is represented in Fig. [B] 
We first assume that each interval 114+ i,i contain at least one shock. Neighboring parabolas intersect in: 

* Vi+l^i £"1+1,1 



(280) 



where £"^+1,; — -Bi+i — Ei. One must have Ui < u* < Ui+i (see Fig. [6]). The case u* — > Ui means that there is only 
one shock in the interval and it is in Ui+i (whose parabola has then two contact points Ui and Ui+i). No shock in 
the interval corresponds to Ui+i — u* — Ui and is examined separately. The intersection point of two neighboring 
parabola are at coordinate: 

Vi - 2 * ^ 2 "^^ ^ ' 

The random walk aX u = u* must be above both parabola thus: 

-V{u*)=yl~V, (282) 

where 1^ > is the vertical distance, it is also: 

y, = y«) + i!i_^_ij, (283) 

i.e. the difference between the energy at u* and its minimum value (i.e. its value at Ui). 

The condition that the walk remain above all parabola with a contact point on each is equivalent to the condition 
that in each interval it remains above the corresponding parabola centered in vi with a contact point in 

each. For a single parabola the corresponding probability was displayed in Section. From the Markovian property, 
the total probability is thus just a product of the same blocks, each shifted by Vi. This gives for the probability in 
case of n parabolas: 

o roo poo 

dVo dVi.. dVnN^\-^,Vo,ui-vi,Vi,ul-vi) (284) 
"'0 "'0 

ri-l 
i=2 

for n = 2 the central product is just suppressed. The functions A^do were given in (I183p . Replacing u* — Vi by (I280|) 
and Vi — Ui = V'{vi) — Fi (|284p becomes the joint probability of the energies Ei = V{vi) and the forces Fi — V'{vi). 

Using the explicit form for the block given in ()183|) . one finds, after some rearrangments and taking the limits that 
(f284l) takes the form: 

X 



dVi.. / dVn-ie^^^'''''+^'^''+-+^"-'^---'^givi - ui)h{ul - ui,Vi) 
10 Jo 

[H H'^J-i ~ Ui-l,'^i-l)HK - Ui,Vi)]h{Un - K-l)g(Mn ^ Vn) (285) 



X 

i=2 
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where the functions h{u, V) and g{u) are given in (|189p and (|194p in terms of Airy functions. Upon integration over 
the Vi this gives the joint distribution of the E^^i i and F^^ via the replacements: 

-Ui^ — + Fi (286) 

Ui+i - = — \ - Fi+i (287) 

2 

and Vi — Ui = Fi. 

Integrating over the forces amounts to integrate over the Ui. The distribution of the energies is then: 



oo J u 



dVi.. / dVn^i / dwi / (iM2-. / c?u„ (2 



which can be simphfied using convolutions. From this expression one can, in principle, compute all moments 
S^"'\vi, ..Vn)- We now give an explicit expression for n = 2. 



4- exact formula for the FRG function R(u) 

We now specialize to n = 2 points vi, V2 and denote v = V2i. We obtain the distribution p{E) of the energy 
difference E — Ei — E2 — V{vi) — V{v2), and from there: 

/oo 
dEE^p{E) (289) 
-00 

The part with no shock is obtained by integrating (|272[) over the forces Fi and F2 as: 

pi-\E)dE ^ - l)9i-- - I)'- (290) 

V 2 V 2 V 

The part with shocks can be read from the previous paragraph, we denote V — Vi and u* (E) = ?i* = iiiHa. + . 
One has: 

p'-'^E) = e'Ts-T^ dVe^''^ I dui du2g{vi - ui)h{u* {E) - ui,V)h{u2 - u* {E),V)g{u2 - V2) 

Jo J-00 Ju*{E) 



1 „.3 E'^ 



= e--'^--/ dFe5''^0(T/,---)0(F,- + -) , cj}{V,v)^ duh{u,V)g{u - v) (291) 

Jo 2 t; 2 Jo 

One notes that the part with shocks can be put in the same form replacing e^'"^ S{vV). 

The final formula for the distribution of the energy difference in terms of Airy functions is thus: 



00 " " " ./ — 00 



,(i.) = (a6)-^e--" / ^ _ ^ (292) 



Xp2b(2l+^2) + ^(^2-Zl) I JO ^ f£ 

^yll(zi)Al(z2) yli(zi)2Ai(z2)2 ^ 

where the integration contour is along the imaginary axis. Note that this form suggests E ~ y^, and this is indeed 
true at large E. However, at small E the landscape is more regular (random but finite first derivative) and one finds 
instead E ~ Fv. This implies the absence of "supercusp" i.e. i?'(0+) = 0. Using (|289p one finds finally: 

.^ 2 ^ 13 f+^^dAi r+°° d\2, 2(A2-Ai)2,e'^(^i+-^^)~^^^s^ , , 

i?(0) - i?(?;) = -V¥we"35^ / — ^ / Tr^ l--^4^ — —] ,,,,,,,, — (293) 

^ ' ^ ' i-00 2^ 27r ^ 52t; ^ A(^Al)A^(^A2) ^ ' 

V dVe^^Ai{aV + iXi)Ai{aV + ^2) 

^ ^ Ai{iXi)Ai{iX2) ^ 
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where we have chosen the contour zi = In this formula the integral over V converges very well and the double 
integral along the imaginary axis also converges. We recall that ba^ = 1 and in this Section a = 2~^/^. The general 
case is obtained as Rm,a{v) — m'^^/^a^/^ Ri,i{'m'^/'^a~^/^v), where R{v) — Ri,i{v) is given by (|293p . 
Asymptotics and alternate formula are studied in Appendix [D In the large v limit it is found that: 

2(i?(0) - R{v)) ^2v + Roo + 0(e-a^''') (294) 

with Ap,„ = J^^ ^ }^Z)r^ ^ ^2,2 = 1.06458, ^1,2 ^ -1.25512 (and Ao,2 ^ 1), and b = 2^/3. This shows that the value 
of a (here chosen to be unity) is not renormalizcd, as expected from the long range nature of the random potential. 
Indeed, at large v one finds, in a rescaled sense, p{E) « ^j"^^ e 

In the small v limit, one writes E — ev, define p{e)de = p{E)dE and expand in v: 

p{e)^Po{e)+vp^{e) + .. , Po{^) = 9{e)g{-e) (296) 

with J depi{e) = and where the first correction pi(e) is computed in the Appendix IH Using that: 

Riv) ^v^ J dee^poie) + J dee^pi{e) + .. (297) 

one finds that there is indeed a linear cusp to the force correlator, —R"{v) — —R"{0) — R"'{Q^)v + .., of amplitude: 

r r+°° du 1 1 

^R"iO) ^ J dee^gieU-e) = b^ j ^ Y^MuTf-M^) = ^'''^ 

-i?"'(0+) = (i 1 dee'g{e)g{-e) - 3 J dee'g\e)g{^e)) (299) 

This cusp was obtained from the small v = 0(1) limit of the zero temperature function R{v). As discussed in 
previous Sections it should match the large v — v/T behaviour from the thermal boundary layer, and this provides a 
check for our droplet formula. The droplet formula, using (|159l201l206p predicts: 

1 r°° 1 
R'"{0+) = -J Jy\'D{y) = -y, (300) 

and it is checked in Appendix |l] that this agrees with p99p both expressions being equal to: 



1 8 dX -A 



2 



which confirms matching and the exactness of the droplet hypothesis. 

5. exact formula for the FRG function A(w) 

It is also useful to derive an independent formula for the correlator of the force A(t;) = —R"{v) as: 

/+00 /•+00 
dFi / dF2FiF2p{FuF2,v) (302) 

where p{Fi,F2,v) is the two point force distribution. It can be obtained from our general formula for the joint 
distribution of forces and energies (|285l286p . This yields: 

p(Fi, F2, v) = g{Fi)g{-F2)dFidF2[d{F2 -v- Fi)eT2 (^'-^2 ) (3O3) 

POO PV + F1 — F2 

+6l(w + Fi -F2)e-OT"' / dVie^^'" due-'^'^''-^'-^^\{u,Vi)h{v + Fi - F2 - u,Vi)] 

Jq Jo 
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After some manipulations summarized in Appendix |T] one obtains: 

J-00 27r J^^ 27r 
Ai'jibXi) At'{ibX2) dVei^^AijaV + ibXi)Ai{aV + zbAa) 

^yli(i6Ai)2 ^i(i6A2)2^ ^ Ai(i6Ai)Ai(i6A2) ^ 

Equations (|293p and (|304p are thus the exphcit form of the fixed point of the FRG in d = for the random field 
class. Up to a rescaling they should be a fixed point solution of the d = FRG equation, obtained to four loop in 
(|260p . with the value ( = 4/3 for the roughness exponent. These functions satisfy all the expected requirements (cusp, 
large u behaviour, matching etc..) and confirm the validity of the FRG as a method to handle disordered systems 
with many metastable states leading to shock singularities. 



E. Decaying Burgers and FRG, inviscid limit 

1. generalities 

Let US now detail the connection bewteen the FRG in d = (and A'' components) and the decaying Burgers equation 
for a A^-component velocity field u{x,t) in A^-dimension. We focus on A^ = 1, some aspects extend to any A^. Let us 
recall that the latter is a simplified version of the Navier Stokes equation (without pressure) and reads, in standard 
notations (for A^ = 1): 

dfu{x,t) + u{x,t)d:,u{x,t) = vdlu{x,t) (305) 

where u(x, t) is the velocity field and 1/ is the viscosity. The decaying Burgers problem amounts to solve (|305[) with an 
initial data u{x,t = 0) = Uo{x). We are interested in random initial data, a prominent example being Uo{x) gaussian 
with short range correlations. It corresponds to the random field Sinai problem. More general initial (gaussian) velocity 
correlations are also studied corresponding to initial (kinetic) energy spectrum Eo{k) = fc^^^uo(— fc) • uo(fc) ^ fc" at 
small k (in Fourier), n — being the Sinai case. Of high interest is the inviscid (i.e. large Reynolds number) 
limit 1^ 0. In that limit one recovers (formally) Euler equation whose solutions u{x,t) = Uo{x — tu{x,t)) develop 
shock singularities at finite time2^. These singularities are smoothed by a small non zero i^, at some scale called the 
dissipative length i^, which must thus be kept small but non zero, the question of the proper construction of the 
inviscid limit v being an outstanding problem, both for Burgers and Navier Stokes turbulence. 

One must also mention the driven Burgers problem, which has an additional term f{x, t) — dxW{x, t) on the r.h.s. 
of (|305[) where VF(x,t) is usually white noise in time and of correlation scale ^ in space. Under suitable boundary 
conditions it is expected to reach a stationary measure (i.e. suitable correlations become time independent). A lot of 
effort has been devoted to study the statistics of the velocity field in that case, as well as the stationary measure for 
shocks. It is important to point out that the structure of shocks in stirred or decaying Burgers is believed to be rather 
universal, the small distance (of order and slightly above Ld) structure being analogous. The detailed time dependent 
statistics of these shocks in the inertial range Ld < x depend however on the model, with some universality classes. 

In decaying Burgers the evolution is expected to reach an asymptotic (statistically) scale invariant form u{x, t) = 
ti^^u{w — xt'~^/'^) (in law), i.e. there is also a stationnary measure upon the corresponding rescaling of lengths and 
time, while in stirred Burgers no rescaling is necessary. For decaying Burgers the velocity correlations in this station- 
nary measure identify with the FRG fixed point, as discussed below, and the universality classes are parameterized 
by For uncorrelated initial velocities C = 4/3, its random field value, other values of C correspond to the other 
initial statistics, with C = 4/(3 + n) (see below). The shocks are constantly merging and the typical scale (distance 
between shocks) grows as t^/"^. Although the width of an isolated shock grows as Ld vt, one shows (see below) 

that because of merging of shocks the width of the surviving shocks actually grows as L'^^ ~ vt^~i . The important 
dimensionless parameter is the ratio of (surviving) shock width to their separation L'Jt'^l'^ ^ i/f^"''. Hence shocks 
become effectively thinner for 9~d— 2 + 2(>0 (here d = 0), i.e. C > 1: which in the FRG corresponds to an 
attractive zero temperature fixed point (FP). Equivalently one can define an effective i^eff flowing to zero as t^^^"^. 
This picture holds for n < I, for which the (kinetic) energy asymptotic decay is Eit) ^ t^^+^ = t-2(n+i)/(n+3)^ 
In the language of FRG it is called long range FP, and in Burgers it is termed as being dominated by the persistence 
of large eddies^- . 

In addition there is also a short range (SR) FP regime, called Kida regime in Burgers turbulenc e ''^'^^1^^'^^ , which 
holds for all n > 1. There the decay is E{t) ~ l/(t(lnt)i/2) (for gaussian statistics, see below for generalization) 
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and the scale^^'' is (</lnt)^/^. Since now the shock width grows faster than the typical distance (i.e. temperature 
is relevant) this regime exists only strictly for — > before t — > cxd, and in that case the limits do not commute, 
while they do for the long range (LR) class n < 1 {9 > 0). For 2 > n > 1 one still has persistence of large eddies 
(persistence of tail of FRG function) but still the system flows to the SR (Kida) fixed point This is the so-called 
Gurbatov phenomenon, which states that the velocity statistics is not fully scale invariant, and finds here a very 
natural interpretation in terms of the crossover from the LR to the SR FRG fixed point. The value ?i — 2 corresponds 
to the Flory value C = 4/5, and at short scale the SR correlator of the random potential is behaves effectively as 
6{x) ~ l/x, while at large scale it flows to the SR Kida FP. 

Finally, the analogous of the random periodic class C = correspond to Burgers in a periodic box which converges 
to a single random shock per period and E{t) ~ {n — oo). Note that although the above discussion was for = 1, 
the phenomenology of the LR FP holds for any N, but the precise exponent values for the crossover from LR to SR 
depend on N. 



2. connection to FRG approach 
To be more specific, we now switch to the notations of this paper. The renormalized potential V{v) satisfies a KPZ 



type^i equation: 



2dtV = -m^d^V = TdlV - {d^Vf (306) 



where the time is t = m ^, large time corresponding to small mass and to the universal region. Defining the 
renormalized force F{v) — V'{v), it obeys the Burgers equation: 

dtF{v) = \f"{v) - F(v)F\v) (307) 

here written for = 1, with the correspondence: 

u(x) = F{v) , t EE m-2 (308) 
T 

V = — , viscous layer = thermal layer (309) 

and we will from now on switch freely between the two set of notations for time (inverse mass) and viscosity (temper- 
ature). The initial condition is precisely the bare potential (see Section pil A3|) Vm=+oo{v) — y{v), hence the Sinai 
random potential corresponds to random SR correlated initial force F{v), the case n = defined above. In the T ^ 0+ 
inviscid limit we recall that tF{v) = v — u{v), where u{v) is position of minimum of Hv,v{u) = (u — u)^/(2i) -I- V{u). 
Hence we expect (equivalently for n < 1 in the large t limit upon rescaling of lengths) shock solutions of the type (see 
Section [rVDT] or below): 



tF'{v) = 1 " 2^ u^2iS(y - Vs) (310) 

where u'^i ~ U2 — ui = u{vf) — u{v~) > is the strength of the shock, i.e. the force (velocity) discontinuity accross 
it u(O-) - u(0+) = F{vj) - F{v+) = it^f Note that the term F'{v)F{v) in (pUT]) becomes ill defined in the 
T = inviscid limit. It does however possess a distributional limit, i.e. as a distribution, as discussed below. Note 
finally that the STS symmetry in the FRG corresponds to the galilean invariance of the decaying Burgers equation, 
F{v, t) —f F{v + a + bt,t) — b (the stirred Burgers has a larger invariance which also involves the forcing). 

The FRG approach consists in writing from p07p the coupled RG flow (i.e. time evolution) equations for the 
moments of the " Burgers velocity field" : 



F{vi)..Fiv^) = (-)"5|::l(i;i..„) (311) 

involving the derivatives of the M^-moments of V. In particular the two point velocity correlation in Burgers corre- 
sponds to the second cumulant of the renormalized force: 

?(2) 



F{vi)Fiv2) = -R"{vi-V2) = S[{>{vuV2) (312) 



i.e. u{x)u{y) = —R"{x — y). They satisfy the following hierarchy of dynamical equations: 

dtSt\{vi2..n) = r^|[4?.i(«i2..„)] + n[5^;'+')(«n2..„)] (313) 
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where [..] denotes symmetrization w.r.t. the n arguments Vi. These are well defined for T > and can be obtained 
directly from (|307p or by taking derivatives of (|109p . As detailed in Section flV Al one may also study the hierarchy 
for connected W^-cumulants, S''^"-', or F-cumulants S''^"-' of V. In the FRG it is more natural to study hierarchies 
of correlations of the potential, while in Burgers one usually focus on the force (velocity field). The former are 
usually less singular: as will be discussed below all terms in (|109p have a well defined limit for T — Q while the term 

•^21.^1^^(^112..") = {^^)"^^F'{vi)F{vi)..F{vn) a priori is dominated by shocks since it involves F'{vi), as discussed 
below. These FRG functions can be obtained, whether at zero or non zero T, from an a priori more fundamental 
object, namely the joint probabilities Pn{vi, Fi; ..]Vn, Fn)dFi..dFn where the Fi — V'{vi) which at the fixed point 
should take the form: 

P„(wi, Fi; ..; Vn,Fn) = m-(2-C)«p^^(^C„^^ ... ^C^^^ m-^^~^^Fn) (314) 

leading to the moments: 

{-irs['!\{vi,..v^) = y"dFi..dF„^^i..F„P„(i;i,Fi;..;z;„,F„) =TO(2-«"sl"Um^z;i,..m^z;„) (315) 

In this formula the points are supposed to be all distinct, and ordered. If some are repeated then the corresponding 
Fi are raised to the proper power. Thus there is no more information in the P„ than in the ^S*-"-* provided one includes 
their values at coinciding points. These are also the only quantities required for the disordered model. For instance, 
at T = the one point probabilty of Burgers velocity P{Fi) = Pi(0, Fi) yields the distribution of the minimum ui of 
the toy model. For the Sinai case, ( = 4/3 and n = these probabilities can be obtained in closed form (see Section 
IIVD 21 and Ref»^) as they satisfy the Markov property: 

(I? I? \ ( -.Yl P2{vt+i - Vi,Fi,Fi+i) 
p„{vi,Fi;..;vn,Fn) = pi{Fi) II — (316) 

In general it is of course quite difficult to solve this hierarchy. Other hierarchies have been studied in Burgers 
turbulence, usually for the generating functions Z]y{vi,Xi) — (e^i=i ^'^(^')), GN{Fi,Vi) = (Wf^iO{Fi — F{vi))), or 
PN{vi,Fi) = dFi--dF„GNivi, Fi), with some (failed) attempts at "exact" closure^^. 

Another interesting case is the Kida model. This one is analyzed in the Appendix [j] and it is recalled how to 
compute the two point force (or in Burgers, velocity) correlator. It also provides an interesting example of a fixed 
point function R{u) which can be explicitly computed, i.e. formula (|J3ip providing an example of a short range fixed 
point in = 0. 



3. dissipation, viscous layer and inertial range 

Let us start with the first equation of the hierarchy and compare the information it carries in Burgers and in the 
FRG for the disordered model. 

9ti?"(«) =Ti?""(i;) + 5n2(0,0,i)) (317) 

note that we have used the STS identity — 2S^2ii(0, 0, w) = 5ii2(0, 0,u) to transform the quantity appearing in (|313p 
which a priori requires knowledge of derivatives in the TBL (and is dominated by shocks) into one which is defined 
in the outer region and has a T = limit. Eq. pi7p is the usual dynamical equation which in Burgers relate two and 
three point velocity correlations. At w = it yields: 

dtR"{Q)^TR""{Q) (318) 

an important identity encountered before (the Taylor expansion of a third moment can only start as S ^ at small 
t) as a consequence of STS). In Burgers it expresses the decay of the energy density E{x) = \u{xf on average: 

- dtE ^ I = v'iyu^ =^R"" {Q) (319) 

e being the "dissipation rate", i.e. the energy dissipated from viscosity small scales in the shocks. Note that here, in 
decaying burgers this rate is time dependent (i.e. m-dependent, see below). It is well known in Burgers - decaying and 
stirred, as well as in Navier Stokes - that this rate has a finite limit as — > (or T ^ 0). This is called the dissipative 
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anomaly. It implies that derivatives of velocity field must become very large at small scales. As was discussed in 
Section fll Bl the equivalent statement in the FRG, i.e. that 

TR""{0) = 2e (320) 

implies the existence of a non trivial thermal boundary layer (TBL). As detailed below the correlations in the TEL 
region v ^ Tt are determined by the fine structure of a shock (i.e. two points separated by V21 ~ Tt will typically 
either both be inside a shock or both outside). The dissipation occurs in the viscous layer and the dissipation rate 

([320)) is thus a TBL quantity. 

Next, as discussed in Section flV B 4[ one can consider (|317|) for v — 0(1) in the limit T ^ 0, equivalently Tt <^ v 
(the so called outer region). This corresponds to the inertial range, i.e. scales larger than Ld- On the small v side of 
this region, setting v — 0^ in (|317p : 

ati?"(0+) = 5ii2(0,0,0+) (321) 
since the term involving T is smaller in that region. Now it appears as a general property that: 



- i?"(0) = F(0)2 = F{0)F{v = 0+) = -i?"(0+) (322) 

is continuous across the TBL, equivalently there is a well defined limit for the joint probability distribution of the force 
(velocity field) pt=o(^i, 0; F2, w) PT=o{Fi)S{F2 — Fi). This is clear from (|310|) . i.e. the force is discontinuous but 
remains bounded in one shock, so unless there is a strong accumulation of shocks near a point, the above continuity 
should hold when averaging over a uniform density of shocks at random positions. Identifying (|321[) and (|317[) one 
finds that: 

5ii2(0,0,0+) = 2e (323) 
This yields the celebrated Kolmogorov law for the third cumulant in the inertial range: 

^Sin{0,0,u)^eu^ ^J^Iixf^^ioW --ex (324) 

Identical coefficients in (|319|) and (|324p are a consequence of matching across the TBL (i.e. viscous layer). Similar 
relations exist in stirred Burgers (and Navier Stokes )S: there the dissipation rate e is balanced by forcing instead of 
scale invariant time decay of correlations, but small scale shock properties should be rather similar. 

Let us give some simple consequences for Burgers of the existence of fixed points in the FRG in d = 0. The 
correlations of the random potential, VkV-k — E{k)/k'^ ~ associated to an initial (kinetic) energy distribution 

i?o(fc), are long range for n < 1 (and logarithmic for n — 1). Using the disordered model notations, we know from 

FRG that there should be a LR fixed point where asymptotically {V{u) - V{0))^ - {V{u) - V{0)y - 2cr|up^/'^ with 
6 = 2(C — 1), i.e. renormalized and bare asymptotics should be the same, which implies that ( = 4/(3 + n) and 
6 = 2(1 — n)/{3 + n). Hence one finds the law of energy decay: 

R"{Q)^-m^-^^k*"{0) , S(t)«i|i?*"(0)|i-(2-C) = l|^*"(0)|t-2("+i)/(3+n) (325) 
4 8 8 

where the prefactor is a universal function of cr, e.g. for the Sinai case (uncorrelated initial velocities) we have that 
-\R*"{Q) = 1.0542380-2/3 using (j299p . Note that for the marginal case n = 1 the disordered model exhibits a freezing 
transition, hence the Burgers problem will also exhibit an interesting phase transition as a function of v, which can 
be studied using the results of Ref. d. As mentioned above the case n > 1 corresponds to short range disorder, and 
6* < 0. The corresponding T = FRG fixed point is thus unstable to temperature. It is dependent on the tail of the 
distribution of disorder, and related to extreme value statistics, but for the so-called Gumbel class (which contains 
the gaussian) it seems fairly universal, up to non universal logarithmic corrections. This fixed point corresponds for 
a Gaussian disorder to the so-called Kida law in Burgers turbulence^^ . Its explicit form is recalled in Appendix [j] 
where the fixed point function R{u) is given in (|J3ip . Next, the Gurhatov phenomenon occurs when R{u) ~ m^^" for 
1 < n < 2. In that case there is still a memory of a LR fixed point, which is unstable towards the SR fixed point. 
However at any finite t, for 1 < n < 2 the renormalized function will still decay as R{u) ~ (conservation of tail 

in FRG, persistence of large eddies in Burgers). What happens is that this algebraic behaviour will hold only in the 
tail for V > Vm where w,„ grows to infinity as i = •m~^ 00. Such crossover between LR and SR are well known and 
have been studied within the e expansion (see e.g4^). 

Other quantities studied for Burgers, such as the dimensionless "velocity fiatness"— , have counterpart in the 
disordered model: 



F = lim ^ ' \ EE ^ (326) 
*^°°u(a;,i)2 u2 



and indeed F — 2.83827.. was derived-- for the Sinai case n = 0. 
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4- shocks and droplets 

As discussed in Section llVD 11 asymptotic (large time) solutions of the Burgers equation in the T — inviscid limit 
are expected to be of the form: 

tF{v,t)=v~u, V^^l{t) < V < v^{t) (327) 

where the Vi{t) are the positions of the shocks, and the Ui the minima Ui — u{v^) = u{v^_-^). This assumes dilute (i.e. 
well separated) shocks, i.e. 9/C < 1, i.e. C < 2 (faster growing correlations result in a function $(ii) = V{u) + /2m 
which differs almost everywhere from its convex enveloppe). One can then show^^ ballistic motion of shocks: 

z;,(t)^M+ "'+^"'+^ +0(1 A) (328) 

hi being a constant discussed below. 

At small r > one expects each shock to be smooth in a layer of size tT. To find its shape one can directly look 
for a solution of the Burgers equation p07p of the form: 

F(v,t) = -{v~ ^ - '+^^ ' </>( ' )) (329) 

with </)(±oo) = ±1 to guarantee the boundary conditions for a single shock (|327p . One finds: 

(!^1±^ + td,v, - vM' + "'+^^~"> </'^ + = (330) 

The first term vanishes from (j328p and one finds the unique solution (l){x) = tanh( x). This procedure can 

be pushed to any order in an expansion in tT and to the case of many shocks. In the regime where shocks are thin 
and dilute, i.e. when their width tT is much smaller than relative distance, the velocity (renormalized force) can be 
written as: 

tF{v, t)^v-u,-^ - ^« W)) (331) 

where the shock parameters are denoted, from now on: 

= ^ (332) 

= Ui+i - Ui (333) 

which makes contact with the droplet notations of Section IIVBI To make further connection, let us recall that there 
we wrote a two well approximation: 

V{v) « -rin[e-T(^("i)+^^^^) +e-T(^("2)+^^^^)] 

- + ^(^ - V.) - TH2 cosh(^^^)) + C (334) 

It U21 Ml 

where C is f independent and V21 — V{u2) — V{ui). The position of the shock is given by equality of the two terms 
Vs — (ui + M2)/2 + iV2i/u2i. This allows to identify the shock velocity hi — V21/U21. Hence shocks with zero velocity 
corresponds to exact degenerate states in the bare disorder potential. Taking a derivative of (|334p one recovers ()331|) . 

Note from p3ip that the width of the shock is really L'^ — Aw ~ tT/u2i ^ T/AF. Hence although an individual 
shock broadens with time as ~ Tt, when there is a collection of (dilute) shocks (such as for random initial conditions 
with C < 2) they merge upon collision. As a result their typical separation U21 (see below) grows as U21 ~ t''^^ and 
their width hence grows only as Ti^"'-/^. The dimensionless ratio decays even faster Ld/t''^^ ^ Tt^^'' as discussed 
above. At the same time the shock amplitudes decay with time as AF ^ U2i/t ~ t~(^~''/^). 

Let us now use the assumption of a (small) uniform density of shocks p, to compute the equal time velocity 
correlations at closeby points. Let us first consider: 

t{F{v2) - F{vi)) = V21 - — (tanh(^ ^^) - tanh(^ -^)) (335) 
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This expression holds if there is at most one shock in the common neighborhood of fi and V2, and we will consider 
V21 ^ We now average over this shock position, with measure pdvs (or X^i/^(2p) '^'^s to be more specific). This 
yields: 



tF{v2)- F{vi) =V2l{l~ p I du2ip{u2i)u2i) (336) 







where p{x) denotes the normalized probability that for a given shock the parameter U21 = x. We have used the 
identity J^^da{ta,nh{^^) — tanh|) = 2z, and in averaging p35p we assumed tTp/u2i <C 1 (dilute shocks) hence 
we can push the integration to infinity in the terms containing the tanh. Since for statistically translational invariant 
initial conditions the above average (j336p must be zero (by the STS symmetry) it implies: 

/•oo 

p I du2ip{u2i)u2i = 1 (337) 
Jo 

hence the shock parameter U21 is also the typical distance between shocks. 

We now compute the single shock contribution to the correlator of the force. Taking the square of (|335p and 
averaging over the shock position, we expand the square and use the above calculation to evaluate the cross terms. 
Using 



+00 



da[tanh(— ^) - tanh -]'^ = 16^2(2) (338) 



where F2{z) was introduced in (|153p . we finally obtain: 



R"{v2i) - i?"(0) = -{F{V2) - F{v^)r = —pJ du2W{u2l)u2lF2{^^) - ^ (339) 

The second term can be dropped since it is subdominant in the region V21 ''^ tT/u2i ~ ptT that we are studying. 
This result, obtained here from Burgers, can be compared to the result (|153p obtained from the disordered model. It 
is consistent, provided 



p{y) vD{v) 



y> (340) 



using (y^)i, = 2t and p37p we have defined D{y) — D{y) + D{—y) = 2D{y) for y = U21 > 0. This relates the shock 
size distribution p{s = U21) to the droplet size distribution D{y). This relation was analyzed in the Sinai case n = 0, 
C — 4/3 at the end of Section FlVB 5[ where the universal ratios where computed. Although it makes sense that 
shocks statistics should be generally related to droplets since a shock is nothing but a droplet with exact degeneracy, 
it remains as a tantalazing question to generalize the relation p40p to higher N and d. 



5. inviscid limit 



In Burgers (and Navier Stokes) one is particularly interested in the inviscid limit — > 0, equivalent to the limit 
T ^ in the FRG. As discussed above, for 6* > 0, n < 1, this limit is also the relevant one for the dynamics in Burgers 
and for the flow of the FRG. An important question is thus whether it is possible to construct directly this inviscid 
limit without solving the complete TBL or viscous layer problem, but keeping only the minimal information from 
its structure. Equivalently, in the FRG, whether one can compute directly the T = beta function, all ambiguities 
resolved. 

Let us recall the analysis of Refi^liS for = 1. In the limit v ^ {) the derivative F'[v) of the Burgers velocity 
field piOp becomes a distribution. Using the limit of the single shock profile: 

F{v)^^—^^^e{v~vs{t)) (341) 

with e(x) = 9{x) — 9{—x), one sees that quantities such as F{v)F'{v) are ill defined directly at = 0: they are not 
distributions since the test functions for distributions should be infinitely differentiable w.r.t v. However one can 
define them as: 

F(i;)"-iF'(v) := -9,(F(w)") , e^^'^^^ F{v)F' (v) := dx^d^e^''^''^ (342) 
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In each case the r.h.s. is a perfectly legitimate distribution at 1/ = 0, and the relations are evidently true for any 
1/ > 0. One can then verify explicitly using (|34ip and (|328p that: 

dtF{v) + F{v)F'{v) := dtF{v) + ^dyF{vf = (343) 

holds in the sense of distributions at ly = Q. It is not a fully trivial statement since by contrast: 

Fiv)dtFiv) + FivfF'iv) := ^dtF{vf + ^d^F{vf ^ (344) 

This is because of the neglected term i'F{v)F"{v) — ^i'd^F{v)^ — ii/F'(w)^. While the second term has a (zero) 
distributional limit as — > the second does not due to the dissipative anomaly field: 



lunz.F'(z;)2 = Ly^(^^)^S{v - v.M) (345) 



as found from direct integration of (|33ip around the shock. The following general equation was then shown to hold: 



{dt + Xd,^d,)e'^^^^ = -T E e''^G{^)6{v - v,{t)) (346) 



with G{x) — a; cosh a; — sinh X and bg the shock velocity. This can be checked directly using (|33ip and taking the limit 
V 0. Expanding in A one obtains all the anomalies, which contain information about the shock form factor, i.e. the 
distribution of shock sizes and velocities. It turns out that the dissipative anomaly field can be rewritten using left 
and right shock velocity, which leads to a very simple and elegant form: 

idtF{v) + ^iF{v + S)+ F{v - S))F'{v))e^^^''^ = (347) 

where the limit 5 — > is implicit and selects at each shock position the left or right velocity. Note that to lowest order 
in A one recovers indeed ([MH)) since obviously F{v + S)F'{v) +F'{v + S)F{v) = 2dy{F{v + 6)F{v)) = 2dyF[v)'^ in the 
distribution sense (i.e. integrated with a test function). The form (|347p of the inviscid Burgers equation is physically 
very natural since it describes convection and that the true shock velocity is the half sum of left and right one. Note 
that these results invalidate the attempts at closure of Ref.*^ since closures necessarily involve non trivial information 
about shocks as also discussed for stirred Burgers^^. 

Let us now come to the natural T — limit of the FRG hierarchy (|313[) . Given that it comes from a KPZ like^i 
equation, it is thus natural to define it to be: 



dtF{v^)..F{vn) = ~-[d^^F{vi)..F{v,,)F{vn)] (348) 



If we assume that all force (i.e. Burgers velocity) correlation functions F{vi)..F(vn) are continuous functions of their 
arguments, which is expected to hold at least for dilute shocks (C < 2) and can be checked explicitly from the exact 
solution in the case of Sinai landscape C = 1/2 (n = 0) given in Section, then the r.h.s of (|348p is well defined. As 
explained in Appendix [H3] iterative truncation of this hierarchy is one of the several methods used to obtain the T — 
beta function given in (|260p . For = 1 it does not generate any ambiguity, as was checked up to four loop. If we 
compare with p43p and (|347p we can now understand why the T = FRG based on p48p does work. Indeed this 

procedure is exactly the one performed in that case. The limits of [5^"i2(«i: ■ •Wn, Vn + 0+)] computed in the incrtial 
range for v > {) coincide with the values ^[dy^^F{vi)..F{vn)F{vn)] in the direct v — solution. 

As a last application of the Burgers-FRG correspondence let us note that the shock form factor controls the small 
distance behaviour of the moments of the velocity difference in the inviscid limit (equivalently for > in the incrtial 
range). Since the jump across the shock is AF ~ uixjt a simple one shock calculation yields: 



[F{v) - F{0))P - fipVsign{vf+H-P (349) 



/ du2iuPMu2i) = y2{ui\^)PS{v~Vs) (350) 
"'0 



which can also be expressed in terms of droplet distribution, i.e. Hp = e.g. consistent with i?"'(0+) = 

u(0+)Vu(0) = /i2/(2t^) given above. One can check for instance, using the full TBL form given in Section, that 
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(setting t = m ^ = 1: 



-Ty^— P3-^^(3u?/(9cosh(Sy/2) + cosh(3wy/2)) - 27sinh(^2//2) - 11 sinh(3vy/2)) (352) 



(F(0) - F{v))^ = 2Qnn(0, 0, 0, 0) - 8giiii(0, 0, 0, v) + 6Qiiii(0, 0, v, v) (351) 

= 1t.^ L 

24 ^ smh.^{vy/2)' 

^^T{y')yv^ + 0{v') (353) 
= l{\yW\v\ + 0{v') (354) 
for small and large v = v/T respectively. 

F. ballistic agregation of shocks and closures 

As discussed in Section flV B II there exist an exact RG equation (|143p relating P(ui) the probability that in the 
disordered model the absolute minimum is at ui and D{ui,U2) the (droplet) probability density that there are two 
degenerate absolute minima at ui and U2- It is physically reasonable since as m is varied the absolute minimum can 
change by abrupt switch events whose probability is governed by D. An exact solution for this equation (together 
with the additional STS relation) was given in (|187p . (I197P for the Sinai RF class (C = 4/3). In general however, these 
equations (FRG and STS) may not be sufhcient to fully determine D (and hence P), and one may need another FRG 
equation for D itself. Such equation would then involve the probability of three degenerate absolute minima, and it 
is then not clear whether this set of equations would close. We now see that, at least in the Sinai case, one can close 
this hierarchy. This closure is related to the ballistic aggregation dynamics of shocks. 

Let us first recall the expected scaling with time t = m~^: 

Pt{ui)=t-^'''P{uit-^'^) , Dt{ui,U2) = Pt{ui,U2,Q)=t^-^^D{uit-^''',U2t-^'^) (355) 
Pt{ui) = gt{-ui)gt{ui) , Dt(ui,U2) = gt{-ui)dt{ui,u2)gt{-ui) (356) 
~gt{u^)^t-'^'^~g{uit-^/^) , dt{ui,U2)=t^-'-^d{uir^'\uit'^'^) (357) 

where in the last two lines we have put the solution in the same form as in the Sinai case, for which d(ui,U2) = 
eT2"i-T2 "2(^(1(21) is proportional to the probability that if the absolute minimum is in ui then there is a second one 
in U2. It turns out that its time dependent version satisfies the following remarkable FRG equation: 

tdtd{ui,U3) = (1 - ^)(J(ui,U3) - ^{uidui + U3dn3)diui,U3) - |cm3i( "^ 'l^^ yd{ui,U3) 
Z Z o Z 



du2U2id{ui,U2)u32d{u2,U3) (358) 



The first line is simple scaling, but the second represents the event of three degenerate minima, which amounts to 
switch between two valleys (i.e. two sets of two degenerate minima), and allows to close the equation. The weight 
factors W2irf(ui, ^2)^32^(^2, W3) is the usual weight as discussed in Section HV D 21 see e.g. Eq. (|278p . pSSp is 
equivalent to the following equation for d{u): 

tdtd{u3i) = (1 - Y)rf(u3l) - 2"3lrf'(M3l) + ^"3W("3l) ~ 2 '^"2W2lrf(u2l)u32rf(u32) (359) 

and in both equations the term tdt vanishes at the fixed point, i.e. when scale invariance holds exactly. For the Sinai 
case C = 4/3 one explicitly check that it is equivalent to: 

2 11 

-d{u) - -ud'{u) + —u^d{u) = - iud{u)) * {ud{u)) (360) 

where * means convolution, which indeed holds because of the following identity of Airy functions: 

Ai'jz) ^ 2^ At'jz) ^, 1 2 foau 

using that d{u) = {a/b) j^_e^'^/^Ai'{z)/Ai{z). 
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Three minima degeneracies in the Burgers setting is related to colhsion of shocks. It is well known that the dynamics 
of shocks for TV = 1 is simple ballistic agregation. It was studied in Ref,?^ where some exact results where obtained, and 
we now make contact with notations of that paper. One denotes M = /i = U21 and P = —77 = —■^{{ui~v)'^ — {u2 — v)^) 
respectively, the mass and the momentum of a shock at position v. In between collisions the motion of a shock v{t) is 
ballistic, i.e the shock velocity V — P/M ~ 1( _ y(ty'j is constant in time, where the Ui are time independent. 
The collision process is related to the three well droplet. Let us call (ui,U2) the first shock at v{t) and (1*2, M3) the 
second shock at v'{t) > v{t) with ui < U2 < ^3. Neighboring shocks share a minimum of the random potential U2. 
Collision occurs at the time such that v{t) — v'{t) and just amounts to erase U2 and can hence be seen as a decimation 
process. It is characterized by three conservation laws (ballistic aggregation), as detailed in Ref.--, M = Mi + M2, 
P = Pi + P2, {Vi — V2)t = which are exactly equivalent to the operation of erasing U2- Indeed: 

Ml + M2 = U21 + U32 = U31 = M (362) 

Pi + P2 = ^^2 - O + ^("3 - A) - ^("3 - O (363) 

{Vi - 1/2)^ = -^(wi + U2) + ^(^2 + ^^3) - i(ii3 - "1) = M/2 (364) 

we set w = the shock collision position, and t is time of the collision. We can now look at formula (122) of Ref.^^ which 
describes the statistics of the ballistic aggregation process in terms of a probability weight /(M, P, t) of aggregating 
particles. One can then check that 

dt(ui,u3) =/t(M = u3i,P= iu3i(^^ii^-w(t))) (365) 

and that (122), which makes more explicit the conservation laws of the dynamics, is fully equivalent to (|358p if one 
also assumes scale invariance, leading to the same explicit solution in terms of Airy function (working out the jacobian 
in the collision integral in (122) simply replaces M by Mi AI2 and recover the measure as in p58p . To conclude, one 
may wonder, as do the authors of Ref^Si^ whether similar closing procedure could work for other values of C, an open 
problem. There seem to be however a one to one correspondence between the problem of iV = 1 ballistic aggregation 
and the FRG, i.e. m dependent solution of the disordered model. It would be of high interest to understand what 
type of aggregation process occur for TV > 1 and d > (functional shocks). 



G. other solvable models 



Note that the FRG fixed point function can also be computed for the random periodic model in d = 0. It produces 
some interesting results. Another case amenable to analytical results is the fully connected model (or the large d 
limit). Both are studied in Appendix |P] 



V. HIGHER DIMENSION 



We now study FRG for pinned manifolds in d > 0. One outstanding question is whether it can be controlled near 
d = due, where due = 4 for the standard type of elasticity studied here. This being a difficult question we proceed 
by first trying to extend what we have learned from d = in previous Sections. We study the general non zero T 
case but the important issue is whether a T = limit can be constructed, i.e. an "inviscid" limit for the decaying 
functional Burgers equation equivalent to the FRG. 

In Section IIIIBI the W[j] and T[u] functionals and their associated W and F-cumulants {R[u],..) where introduced 
and related. Here we start by giving the ERG equations that they satisfy, and discussing a few other constraints 
coming from STS. Next we obtain a "droplet" solution to the functional hierarchy valid in any d. Finally we discuss 
in more detail the e-expansion. 



A. ERG equations 

The derivation of the ERG equation is a simple extension of the d — case presented in Section IIV Al Upon 
infinitesimal change dg of the bare propagator matrix g in ([501 [5T|) the functional W[j] satisfies the standard W-ERG 
equation: 
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where dg ^ ^ ~g ^dgg ^ and here and below TrM = trMaa and trM = M^x- Upon the change of variable 
([M)) which implies = one obtains the W-ERG equation for W^['i;]. Separating the bare part from the interacting 

one (i.e. due to disorder) in ([89]): 



2T 

axy 



it can be written as: 



avH-^E'^aslj^H-^^^)] (368) 

a 

up to a constant proportional to the number of replicas (the linear term cancels upon the change from j to i?, i.e. 
W{v) = W{j = g-'v/T)). 

In a similar fashion the effective action functional r[u]: 

rN = ^E<5^:y<-fM (369) 

axy 



ab abc 



dt[v] = iTra55-Ml - ^3^]^]"' (371) 



satisfies the F-ERG equation: 



up to a constant proportional to the number of replicas. Expanding W and F in number of replica sums from (|89p and 
([90|) yields ERG equations for the p- replica connected cumulants functionals R, n > 3 and R, S**^"^ , respectively. 
These are very similar to the d — ones, except that all functions now become functionals, and all derivatives become 
functional derivatives. 

Alternatively one can start from the RG equation obeyed by the renormalized potential in a given sample: 

avlvi^hrmT^-'-^m (372, 

2 ovov ov ov 

from which one easily obtains the linear functional equation for the moments: 

dS^ ...„] = -tr[dg -^^^ ] + l^syv.,„Md9 ^ l.-.J (373) 

where, as before: 



V[v^]..V[vJ^ - (-l)"5("'[«i,..i;„] (374) 
The lowest order relates the second moment functional S'*^^'[wi, W2] — R[vi — V2] to the third: 

dR\v\ = Ttr[dg + tr[dg — ^— k'i=«2=o (375 

ovov OV1OV2 

the same equation being valid for the connected cumulants R and 5', see below. A standard choice \s g'f,^ — -\- w? 
in Fourier, and d = —mdm- Then one has dg~^, = —2m^6xx' and dg — 2m^g^. In d = setting g = one then 
recovers the equations given in Section IIV Al 

We now introduce more convenient notations for functional derivatives: 

<5-RM r 1 S^R[v] „ SS[vi,V2,V3] ^^^q 

^^'^-["l ' ^^'^-^t'] ' Sv,6v2 [^i'^^-"3] (376) 
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and so on. We now recall the relations between the W^-moments (over-bars) W cumulants (hat) and F cumulants, up 
to the fourth cumulant, derived in Appendix [Dl 

R^R = R , S^S (377) 

S[V123] = S[V123] - g^yiK[vi2]Ry[vi3] + [^23]^?; ^l] + R'Ml]Ryi''32]) (378) 
0bl234] = Q[V1234] + R[V12]R[V34] + R[vi3]R[v24] + R[vi4]R[v23] (379) 

(9[wi234] = (3[wi234] - l2aymj^2349xySl°"[vi23]Ry[vi4] + 6sym^2r^^g^yg^tKz[vi2]{Ry[vi3] - Ry[v23]){Rt[vi4\ - Rt[v24]) 

= Q[?^1234] - 12sYm^2349xySl°°[vi23]Ry[vi4] ~ 6sym^2349xy9ztKz[vi2]iRy[vi3] ~ i?^ [^23]) (^J [^u] " R't[v2i]) (380) 

Here and below repeated indices are contracted unless stated otherwise (or the trace notation is used). 

Using these relations can now write the W^-ERG equations for second and third moments (and cumulant) as: 

dR[v] = Tdg^yR!^y[v] + dgzz'Sll'^lQ, 0, v] (381) 

dS[v,23] = ^Tsymi23%.,5^™bi23] + \^yvc^i23d 9. yQlT"^^^^^^^ (382) 

3 - 3 - 

= 2^symi23^53;y5'^°°bi23] + i^^y'is.^23dgxyQl^y°[vii23] + isyva^239g^yR!^[vi2]R!y[vi3] (383) 

and the corresponding F-ERG equations as: 

dR[v] ^ Tdg„jR''[v] + dgzz'gxy^R'LMKAv] - 2KMRyAv]) + dgzz'Sll?%QM (384) 



9^[^^i23] = if^Y^i23dgxySll>i23] + iT&Yu,^^:,dg,ygztKz[^i2KtM (385) 
+6symi2395,,g,,R^'J«i2](5if bus] - ^^l°bi23]) + \sy^i23d9xyQlT^v^i23] 

+ 3symi2355,^5,t5,,(R;',[t-12]R;Vbl2]R;;M + 2K,[vi2\KtM^yr[vi3\ - Kz[vi2Kr[v23\KtM) 

where in the last formula we have introduced the notation: 

Ky[n]=Ky[u]~Kym (386) 

It is important to note that up to now we have written the W and F-ERG equations at non zero temperature 
T > 0, i.e. assuming analyticity of the functional at coinciding points (certainly correct for a finite number of degrees 
of freedom, i.e. a finite size system). The quantity -R"y[0] is then well defined. 

Solving these functional equations seems hopeless beyond an e-expansion. We show however in the following that 
an exact solution can be found in the thermal boundary layer. Before doing so let us give some further definitions 
and exact constraints on correlation functions. 

B. local part and non local part of the functionals 

It is useful in the following to note that the functional R[v\ can be split unambiguously into a local part and a non 
local one: 

R[v] = f R{v.,) + R[v] (387) 

J X 

such that the non local part vanishes for a uniform configuration: 

R[{vz = i^}] - (388) 

this is in agreement with the definition of the local part R{v) given in previous sections, R\{vz — w}] = L'^R{v). As a 
consequence: 

Ky[v]^R"M5.y + Ky[v] (389) 
Ky[v]\{v.=v} = (390) 

y 

and the second line can also be used to specify the local part, i.e. the function R(v) up to a constant. It was 
obtained taking two derivatives of (|388p and using translational invariance. A similar decomposition exists for all 
higher moments S*^"-* and S"*-"^ functionals. It may sometimes be useful to further split the non local part in multilocal 
components, and this is discussed in Appendix [Ml 
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C. correlation functions 

Here we give relations between two and four point correlations and the renormalized disorder cumulants, as well as 
some exact relations satified by these correlations. These are extensions of the relations presented in Section in d = 
apart from subtleties related to space arguments. 

1. two point functions 

There are only two distinct two point functions: 

G.y = «4) = G„j = -9,.'gyy'K,y,[0] (391) 
G.y = KK) - G.^y + Tg^y (392) 

both related to the second derivative of the R {= R = R) functional at zero. It implies that these derivatives, here 
R'xy[0] must be well defined at T > and that the limit: 

lim R''[0] (393) 



should exist for finite system size and be related to the second moment of the configuration ui{x) of minimum energy 
Gly° = ui{x)ui{y). 

2. four point functions 

There are five possible four point connected correlations. However they depend on only two functions: 

= (u>»?)c = 9..'gyy'g..'gtAQl}lh>A0] - T^K'y.'t'm) (394) 

= 5x.'5yy'5..'5«' (Ql'yK't' [0] + T^R7y'.'t' [0]) (395) 

{u^u^yuluDa = {ululului), = g.o.'gyy'g..'gtt'Ql}'yh't' M (396) 

As for d — this is obtained using that connected correlations are tree graphs from effective action, and that 
Gabdut — Tgdu^ from the above form of the exact two point function and the STS property. Notation here is 
again that different replica indices means distinct replicas. Replica symmetry is assumedi^^. Note that these functions 
have higher permutation symmetry (full with respect to the space points) than can naively be inferred from replica 
symmetry alone. This is explained below. It is useful to give explicitly also the disconnected parts: 

{u'^UyU'^U^)disc — G'xyGzt + GxzGyt + GxtGyz , (u'^UyU'^Uf) disc ~ GxyGzt + GxzGyt + GxtGyz 

{u'!^UyU\u\) disc = GxyGzt + GxzGyt + GxtGyz , {u'^UyU\u1) disc — GxyGzt + GxzGyt + GxtGyz 

{uyluluf)d^sc = GxyGzt + GxzGyt + GxtGyz (397) 

3. STS identities 



One can prove»2i the general STS identity: 



for an arbitrary functional 0[u]. Choosing respectively 0[u] — u^u'^uf, 0[u] — u^u'^u'l, 0[u] — Uyu\ul one obtains: 

T{gxyGzt + gxzGyt + gxtGyz) = {Ku;uy^) - {u^uy^ui) (399) 

T{gxyGzt + gxzGyt + gxtGyz) = (u>»?) + - 2(u»^^.^) (400) 

T{gxyGzt + gxzGyt + gxtGyz) = {ulululuD + + {ulu'^uluD ~ i{ululului) (401) 

We have used replica symmetry to relabel some indices. It turns out that the l.h.s of these equations (which do not 
possess full symmetry with respect to spatial indices) are simply the disconnected parts of the r.h.s. . Thus these 
equations are equivalent to the property that the connected parts of the r.h.s. must be zero. One can check that they 
are indeed obeyed by the above parameterization in terms of R and Q. 
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4- ERG identities 

Similarly one can provG^i ERG identities directly on correlations: 

d{0[u]) = ^(^/55-ii./)OM) (402) 



2T 
f 



They yield: 



-2Td{uyi) = {{u^dg-\^)uy;) - {{u'^dg-'u^)ulul) (403) 
-2Td{uyl) = {iu^dg-\'^)uyl) + {{u^dg-\nutui) - 2{{u'^dg'\'^)ulul) (404) 

where here and below we denote {u°'dg^^u°') — u1dg~^u^. These equations are not independent, since, subtracting 
the second to the first yields an identity always true (using the results of the previous paragraph, the connected parts 
of the r.h.s. cancel and the rest simplifies). One can easily see that either correlation ERG identity is equivalent, 
using l|392)) and p96)) to the T-ERG identity: 

5i?';jO] = JO] (405) 

which generalizes the relation ([^5)1 to any d. It can be separately shown from (|384p using the fact that S'j,J*'[0, 0, w] 
starts at small v only as (indeed the generic term S — u%UyU%u'i can be excluded by STS, see Appendix of Refj^, 
so that S starts at u^, as in d = - and a similar property for S). The relation between (|404p and (|405p is obtained 
noting that dR'^y[Q\ = ~d{g-}gy^Gzt) and that, from (|iM)) : 

dGzt = -Tdg,ygzz,gu'Kyz't' M - dg-^y {g.'.Gy-t + g.'tGy,,) (406) 

Since, as discussed above, the l.h.s. of (j405p should have a limit as T 0, it again suggests some scaling v ^ T 
for the functional thermal boundary layer. In the next section we present a solution of the functional hierarchy which 
admits such a scaling. Taking the local part of (|405p one has: 

dR"{0)^T f dg^yK^yM (407) 

J z 

hence the local part R{v) should exhibit a TBL similar to d = 0, but not identical since the r.h.s. of this equation 
cannot be expressed in terms of the local part alone. 



D. A droplet solution to the functional hierarchy 



We now obtain an exact solution of the full ERG functional hierarchy in the thermal boundary layer region w ~ T, 
inspired by the droplet picture. We do not claim that this is necessarily the unique "correct" solution. The droplet 
picture serves as a heuristic method to find such a solution, and there are some assumptions, detailed below, which 
go into this construction. It is quite possible that a more complex solution based on a more complex (and realistic) 
picture can be constructed in the future. It is already very interesting that an exact solution can be found to this 
highly non trivial hierarchy. In viewing the FRG in higher d as a decaying functional Burgers equation, this droplet 
picture holds in what could be also called a "dilute functional shocks" scenario. 



1. structure of droplets 

Let us first give a qualitative description. Consider a sample of volume i'' and keep the mass m fixed. It is simplest 
to think (and draw) the case of the directed polymer d — 1, although we consider general d. Let us call uix the ground 
state configuration in a given sample (i.e. disorder environment). It is assumed to be unique for continuous disorder 
probability distributions. We call a droplet a configuration U2x which is close in energy from the ground state, the 
energy difference being E = Hv[u2] — Hv[ui], i.e. a quasi-degenerate state, where iJyM is defined in ([50)1 . To be 
qualified as an active droplet E should be of order T, where T is small and fixed. One calls the size (volume) of the 
droplet the distance (volume) over which it differs from the ground state. There are of course many such droplet 
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configurations, especially of small sizes, and we label them and their energy difference with the ground state E'-'^K 
At any temperature T the Gibbs measure is split between the ground state and the active droplets. 

The main assumption within the droplet picture is that large droplets are rare. More precisely, the probability p to 
find a droplet with energy E (fixed, of order T) of size I < Ld < I + dl is p ^ El~^dl/l. Thus in a sample of size L 
will most often contain no (active) droplet of size of order L (e.g. of size between kL and L where /c < 1 is a fixed 
number), and rarely will contain one, with probability ~ TL~^ . When this occurs, the probability that one of the 
two quasi-degenerate states contains another droplet of size of the same order is again vanishingly small. Thus there 
are no droplets within droplets at large scale. This is a very important assumption. For > it breaks down below 
some small scale, and for marginal glasses, 6* = 0, it breaks down at all scales. In that case there is indeed a finite 
probability that a droplet contains another one of size one order of magnitude less (or a factor k fixed), resulting in 
a tree-like structure of droplet excitations. One may surmise based on results for Cayley trees^S, that in that case 
replica symmetry breaking occurs (for 9 = 0, d = Q and any N evidence for it was obtained in^. In this section 
however we consider 6 > Q and assume rare, non overlapping, droplets. 

Here we consider a geometry with fixed m and L'^ very large (i.e. mL 3> 1). Thus one can consider that the system 
is roughly cut in TV '--^ {Lm)'^ independent pieces (and samples) of internal volume m~'^ where in each u fluctuates 
(from sample to sample) of order (i.e. the ground state can be assumed to be uncorrelated over internal distances 
larger that 1/m) . The droplets in each piece are thus also uncorrelated (over distances larger than 1/m) . We will call 
"elementary" droplets the ones in each piece. In a given sample there are few of them, i.e. only a few of the pieces 
contain an active droplet. In the limit considered here, of small Tm^, their density is small, of order Tm^. For these 
elementary droplets we denote: 

"11 = "1. - 41 (408) 

and consider that this quantity is non zero only over a region of size m^'^. The elementary droplets in a given sample 
are assumed to be well separated along the directed polymer (or manifold). At this stage we consider only droplets 
of volume of order to"'*. We ignore here questions arising from possible accumulation of very small droplets. 



2. Droplet calculation and thermal boundary layer form 

We now implement these assumptions in a calculation. Extending the c? = arguments presented in Section [IV B 11 
the renormalized potential can be written: 

where Hv[u] is defined in ([50]) . For v = Tv the average in the r.h.s. can be evaluated from the droplet partition 
function: 

ni=0,l 

= Z^^e^^f"'"!) [1(1 + e^-("9"'"i2 )) (411) 

i 

Here Zd — X^n =o i partition sum of active elementary droplets and we use the notation {vg^^ui) = 

Tlixy ^xdxy'U'iv when convenient. Thus one has: 

V[{vA] - V[{vx = 0}] - ^{vg-\) - T{ig-'ui) - ^ Tln(l + w.e-^'^a-'u'^l)^ ^ J] rin(l + w,) (412) 

i i 

with Wi — e~^^l^ . It is convenient to work with the renormahzed force: 

t[v] = g^yiTiy - [m,, - \u) )) (413) 

a« = eM-{v9~'4h) (414) 

We now compute disorder averages. For that we need to make minimal assumptions which generalize the c? = 
analysis. One first denotes P[ui\ the (functional) probability for the ground state configuration. Next one defines a 
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droplet probability functional D\ui,U2\. Contrarily to d = there can be several elementary droplet configurations 

^2*'' = Ml — w^2j thus one writes symbolically D[ui,U2\ = ^j["i: ^*2*'']- These functionals can be derived from a 

more general droplet functional P[ui, {ug*-*, i?^*-*}]. One calls Pi[ui,U2\ E^^^ the single droplet functional (all others 

droplets variables U2"'\ E^^^ with j ^ i integrated out). One has, as in d = 0, Di[ui, U2*''] — Pi[ui, U2*\ ^^^'^ — 0]- Since 
elementary droplets are assumed to be independent, upon computing disorder averages, only one active elementary 
droplet at a time need be considered. Terms involving two simultaneously active elementary droplets give contributions 
of higher order T^. 

Hence to compute the disorder averaged force we can now use formula (|138p and obtain: 



. 1 



-T(5].«^ln(l + e"(--^«S))),, (415) 



--^iH^^ilyi^a^'^hn (416) 

i 

= ^Tiy (417) 

Here and below the droplet average is defined as (^[mi2])d = X]i(^["i2 according to the previous paragraph. 

We will however usually drop the index i on Di. In the second line we have assumed, and used the local symmetry 

u{2 ~"i2 of the droplet probability distribution, which generalizes (|14ip . In the last line we have used the STS 
identity: 



which generalizes (|134p . Since (ui) p = by parity, one correctly recovers (to lowest order in T) that V^[v] 
We can now compute the second cumulant: 



^^'ibi]V;'Jw2] = 9xiy,9x2y2{i^^yi^^y2 

T > / {[[Uly, 7-r)[Uly2 T-r) - Uly,Uiy^\)D 

~" Jo 1 + Wia\ ' ^ + w^a^2 



(i) (i) (i) if) 

+ y^^i^^i^^^i^^^^)+0(T2) (419) 

i^j i + WtUi 1 -\- Wja2 

Elementary droplets being independent averages can be decoupled in the last term, which is thus of order T^. Since 
it involves an extensive double sum one could fear that it could contain an additional factor of volume L'^ and be of 
order TL"^ as compared to the dominant one, hence not negligible. This is not the case, and in fact, up to adding and 
subtracting the i = j term (which is clearly subdominant) , it exactly cancels against the Tv terms. The algebra is 
now similar to the case d = and we find: 



i 

where V12 = vi — V2 and the function ^2(2) = |coth| — i was defined in Section flVB 11 Thus the droplet picture 
yields a prediction for the exact second cumulant functional directly related to the droplet probabilities. One can 
easily infer from (j420p . or derive independently, that in the functional thermal boundary layer v — v/T ~ 0(1) one 
has: 

R[v] = \v.Kynvy + T^Y.^H2{{ig-'u'-^)))D (421) 

i 

where the function H2{z) was defined in (|159p . Thus the second cumulant functional predicted from this independent 
droplet picture has a simple structure. It is an average of a functional which is simply a function of the quantity 
{vg~^ui2) = X^Kj, 3^^1*12 J,. It is nicely proportional to L'^ for a uniform configuration, since each term contains a 

deformation u^^l non zero only within a fixed volume m~'^ . For a uniform configuration — v the argument in the 
function F2 (or H2) is {vg~^ui2) = m?v J^ui2x- 
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For the usual massive propagator the result can be written, in Fourier: 

- . 2 1*^^ l^2 {uiqUl-q)m - \t {ui2 .qUl2 q / Wl2fc (A^ + m^)-D_fe C0th[i / Ul2p(p^ + m^)u_p])_D (422) 

{q +m } 4 Jf^ Z Jp 

which includes a generalization of (|155p . 

The calculation of all higher moments can be performed similarly. Some details are given in Appendix |K1 We quote 
here only the result for the third moment: 

'S'"iz3bl,'f2,'y3] =7'57iLi572i2573l3("l2^i"l2:';2Wl2a;3^3((Ml2ff~^Wl),(wi2ff"^52),(ui25~^W3)))D 

F3[zi,Z2,Z3] = ^{zi{F[zi - Z2,zi - Z3] - ^) + 2p.c.) (423) 

where we recall F[a,b] = ^_''gt)(]'_e6-) ■ Note that the notion of a TBL in high d may contain some momentum 
dependence if one chooses non uniform, a property which remains to be investigated. 

3. check that ERG equation are obeyed 

Since it is quite amazing to obtain a solution to a functional hierarchy, we will check explicitly at least the first 
equation of the ly-ERG hierarchy: 

dR[v] = Tdg^yR'^yiv] + dg^ySll^'iO, 0, v] (424) 
The two terms which must be added in the r.h.s. have the explicit form, using the droplet solution (|420p and (|423p : 

KyM = Ky[0]+T{{g'\i2U9''uu)yF2{{ig-\H2)))D (425) 
Sll'[0, 0, v] = T^{ig-'u,2U9''ui2)yG3[ii9"'u,2)])D (426) 

where one finds 6*3 [z] = — F2[z] ^ + 0{z^). Hence the two term cancel and, up to a constant, one is left 
with a single term, a quadratic term '--^ w^, of order in the TBL. Hence in the TBL the above equation becomes 
dR[v] = ^dR'^y[0]vxVy and the only thing left to check is: 

dKAO] = ^%..E((3-'"12).(.9-'"g).(5-'"12)43"'"l2^)*>D = ^un Ta.g.,i?-',J0] (427) 

i 

One can check that the second identity holds, as a consequence of (|420p . Hence the last equation to check is the 
identity (|405p but this one can be proved exact independently of droplets, as consequence of ERG and STS identities, 
as discussed in the previous Section (see also below). Note that Eq. (|427p is the generalization of the dissipation rate 
or anomaly equation in decaying Burgers turbulence. 

Hence we have found that dR'^y[v] is constant in the whole TBL (i.e. from w = to large v). Hence if matching 
holds between small Vx and large Vx then the functional second derivative should be continuous in the whole range. 

It is useful to give the local version of (|427p : 

dR"{0) = ^m4L-'^%.,^((5-iu«).(g-i«g),(j^«« )2)^ (428) 

-t^^ 2^(( / "i2."i2J( / "12J )d - :rm ^ (,) (429) 

where in the second equality we have restricted to the form g^^ — + and d = —mdm- Again R"{0) is continuous 
and equal to R"{0+). 

4. matching and relations between shocks and droplets 

We now study the limit v — > 00. In d = 0, for i?(f), this nicely matches to the small v limit of the outer region 
V = 0{1). For higher moments, such as 5'(ui23), as Vi^ and "523 go to infinity, it matches the partial boundary layer 
(here PBL21). Let us examine what happens here. 
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Let us consider first a uniform = v. From (j420p we find for large v: 

R{v) = \r"{Q)v^ + ^^L-''in^\v\^Y.^\ J dxut^ixr)D (430) 

i 

where we have used the normalization of the droplet measure given by the STS symmetry: 

^(( / dxu^ll{x)f)D = 2L'^wr'^ (432) 
Hence we obtain the cusp as the following droplet average: 



i?"'(o+) = \,,^mi^^}^mjL (433) 



On the other hand, within some assumptions, one can also show that^: 

i?"'(0+) ^ J-'^ (434) 
2 (s)p 

where s = ^ dxu\i(x) are the shock sizes. This is compatible with a relation between shock and droplet size distribu- 
tions which generalizes the d — relation (|340p . with, in d dimension the droplet size y ^ Y = J da;u^2 (x). 

Indeed let us consider the large v = 0(1) hmit of (|424|) . From (|426p it behaves as 0{v^) as the term TR""[v] 
becomes negligible in that limit, and the coefficient should equal the r.h.s. of (|427p . Indeed in the TBL, from (|423p : 

Jim SillAOAv] = ^E«5-'«g).(ff-'"l^^).(.9-'"12).(.9-'"g)*)D (435) 

i 

On the other hand, matching, i.e. considering the small v — 0{1) limit of (I424p and making the usual assumption 
that the term TR"" can be neglected in that region, requires: 

dg^ySl^y^t [0, 0,0+]- hm dg^ySlf,, [0, 0, v] (436) 

a generalization of the anomaly equation in Burgers turbulence (matching of dissipation rate from dissipation range 
to inertial range). Since one can also show that the third moment of the shock size distribution is given by2^: 

5iiL[0,0,0+]-im6^ (437) 

xzt D (S/P 

the continuity (|436p implies that the same quantity is related to the fourth moment of droplet sizes, hence it is again 
compatible with the generalization of the droplet-shock relation (|340p . It would be quite interesting to investigate 
further the relation between droplets and shocks, in particular in the non-local, momentum-dependent aspects. While 
a shock always correspond to a droplet (with exact degeneracy), it is not fully clear how the reverse works, i.e. given 
a droplet at low T, does it correspond to a unique shock nearby in phase space, and which then to choose to find 
this underlying shock. 

5. STS and ERG droplet identities 

Let us close this Section by mentioning another useful check of the droplet solution. One can compute using droplets 
all four point correlations given in Section IV CI and check that all STS and ERG identities are indeed obeyed. This is 
performed in AppendixjL] Here let us just mention that the STS identities can be encoded in the following functional 
RG equation which relate P[ui\ and D[ui,U2\: 



5P[ui 
Su 



Ix J 



(438) 
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which, upon integration, generate an infinite set of identities between correlation functions, the first one being the 
famous (wi2,xWi2,y)_D = '^gxy The ERG identities yield: 

dP[ui] Du2{{uidg-^ui) ~ {u2dg-^U2))D[u^,U2] (439) 

These are the functional generalization of the equations given in d = It is interesting to present these equations 
since one expects, if the e expansion makes sense, that -P[wi] be nearly gaussian near d = 4, and it may inspire 
other approaches to this expansion (in particular one wonders what simplification occurs then, if any, in the shape of 

D[ui,U2]) 



E. T = limit and e-expansion 

1. T — limit and continuity properties 

The ERG equations (|381[) and (|384[) in Section IV Al were derived for analytic moment and cumulant functions, 
and as such they are always exact for T > 0. The zero temperature limit T = 0+ (alternatively the small m limit 
Tm^ — > 0) of these equations necessitates a careful analysis. We will follow closely what was learned in d = 0. 

Consider the W-ERG equation (|38ip and naively set T — 0. One is left with the hierarchy: 

dR[v]^dg,,,Sll?[0,0,v] (440) 
dS[v,23] = ^symi23%,,Qii«°[«n23] (441) 

and so on. The questions are (i) what is the meaning of the functions evaluated at coinciding arguments on the right 
hand side (ii) can this hierarchy be closed (iii) can it be solved. The last question is about the e expansion and is 
examined in the next section. 

To answer (i), we note that these equations are expected to be correct for small T > and v in the outer region, 
i.e. V — 0(1) 3> T, all Vij = 0(1) ^ T for i ^ j. Indeed in that region one may assume that the terms proportional 
to T in ()381|) are negligible (they become of the same order only in the TBL region w ~ T, Vij ~ T discussed in 
the previous section) . Of course this is an assumption but it is supported by the analysis of the previous section. It 
extends the d = analysis to the functional. As a consequence the meaning of the derivatives appearing in the r.h.s. 
of (0401) is: 

nmSll?[0,0,v] (442) 

and similarly for all members of the hierarchy. These are perfectly well defined quantities, but defined in the TBL, 
since the derivatives are exactly at coinciding arguments. 

The next question (ii) then is can the hierarchy be closed, i.e. is there really a hierarchy valid at T = 0+ ? Or, in 
the language of Burgers trubulence, is there a hierarchy defined solely in the inertial range (by "closed" here we do 
not mean truncated - this is the business of the e expansion, we mean defined only in terms of quantities involving 
the outer region itself). For this one needs continuity properties, as was the case also in d = 0. Since here we deal 
with a functional we may need to distinguish: 

(a) the strong continuity property: 

lim 5("'^=°)"''°-''[wi234..„] exists for arbitrary 7;2i:r ^ (443) 
and 

= lim5("/)"°°-"[.n34..„] (444) 

(b) the weak continuityii^ property: 

lim 5("'^=°)"°°-°h234..„] exists for «2ix ^ vi2 ~^ (445) 



and 

= lhne/^"''°-''[-ii34..„] (446) 
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Hence the limit may exist uniformly for arbitrary argument, or for a spatially uniform argument. Of course (a) 
implies (b) and is a stronger property. For n = 2 it reads: 



\im^ i?T=o,xj, [«] = i?T.xy [0] strong continuity (447) 
lim i?^^n ^„ [u] = lim i?^ ^„ [0] weak continuity (448) 



These continuity properties are necessary for the ERG equation to be globally closed, i.e. to relate quantities 
computable in the outer region, hence defining a meaningful T = 0^ W-ERG hierarchy. The continuity of the second 
derivative of Eq. (|449p is necessary for the calculation of the two point correlation function UxUy. In both cases, weak 
continuity is sufficient (b) but we believe that in fact strong continuity (a) usually holds. Indeed one has, directly at 
T = 0: 



{Vlx - Ux[vl]){V2y - Uy[V2]) = -gxzgytR'zt['"l2] (449) 

where Ux[v\ is the ground state configuration of the interface in an harmonic well centered on u = {f^}. Although we 
cannot prove it, it is hard to imagine from the picture of shocks that the left hand side is not a continuous function 
with a unique limit as Vi2x — > 0, at least for a finite number of degree of freedom. This is basically the same argument 
that in c? = (see section lTVE5|) that V^[v\ and Ux[v\ have jumps at discrete locations as v is varied, here in the space 
of configurations. Unless there is some accumulation of shocks it seems unlikely that continuity in arbitrary moments 

of V^'[u] and Ux[v\ should fail. This implies that all ly-moment functionals S'iy'^"'^^^^ "^[wi234..n] should be continuous 
in their arguments and equal to the T = 0"*" limit of the same function in the TBL at exacty coinciding points. 
What about the F-ERG hierarchy? From the definition (|378p one finds: 

^"°bl23] = 5,rbi23] (450) 

+gxy{R':;Avi2]{R'y[v2:i] - R'y[viz\) ~ R!U[vi2]R';A^iA - R!L[v2i]R!^Av2z\ + R!LMR!yt[vZ2])) 
thus to recover the first F-ERG equation in p84p setting T = one needs the regularity condition: 

lim o,,(i?^';j«i2](i?;[«23] - R'yM) = (451) 

1112— >0 " " 

since it vanishes by parity in the TBL, and continuity of R'^y[v\. Hence for the first F-ERG equation to be valid for 
all V = {vx} weak continuity of R" as well as the weak version of (j45ip should be sufficient. There are very similar 
continuity, or regularity conditions to be satisfied for the second F-ERG equation in (|384p to be valid. 

Hence if we make the minimal assumption of weak continuity and regularity we should be able to use the F-ERG 
equation directly at T — Q. 

2. e expansion 

Let us now investigate the e = A — d expansion using the F-ERG hierarchy. A version using the W-ERG hierarchy 
is given in Appendix |Nl 

Let consider the F-ERG hierarchy and set T = 0. The two lowest order equations read: 



and 



dR[v] = dg,,,gxy{R!L[^]R!lAv] - 2RlMR!y.M) + dg,,,Sl]!^[0,Q,v] (452) 
dS[v,2:i] = 6symi235g.,5.*RLbi2](^^rbii3] - ^,"°bi23]) + \syu,^2:iQlT[^ii2A 

+3symi2355.y<7.t5rs(RLbi2]R;Vbi2]R"tbi3] + 2KAyi2Kt[vi2KrM - RLbi2]R;Vb23]R"tbi3]) 

(453) 

The spirit of the e expansion is that there is a solution of the ERG hierarchy which has the following structure. Let 
us recall the definition of the local part i?(f), and non local parts R[v\, of the functional R[v\ as defined in (|388p and 
P90p . The e expansion states that: 

R{v) ~ 0(e) , R[v] - 0{e^) (454) 
^bi23]~0(e') , Q^O(e") 
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and so on S'^"^ ~ 0(e") for n > 3, these statements being vahd for the properly rescaled fixed point forms (see details 
below). Examination of the structure of the hierarchy shows superficially compatibility with this counting. Wc must 
now check that it works and is unambiguous. 

Here we will distinguish again the strong e expansion in which the counting (j454p is obeyed for any v — {vx} and 
the weak e expansion in which the counting (j454p is obeyed for uniform configuration v or infinitesimally close to it, 
i.e. by all derivatives evaluated at a uniform configuration. Note that the weak version is sufficient to compute all 
correlations of the field at zero temperature (or at the fixed point) hence it is perfectly respectable. 

We now study the e expansion. We focus on the hard question of ambiguities and anomalous terms, as in d = 0. 
Once these are understood the rest, i.e. rescaling and derivation of the FRG equation is easy and similar to what was 
done in Refi^, hence we will not detail that part. Our aim here is to give a first principle derivation of the anomalous 
terms, or at the very least specify clearly what the assumptions are, which was not done in Ref^. There a candidate 
field theory was proposed, based on some global consistency. 

3. one loop: order 0(e) 

Following the strategy ()454|) outlined above, to study R[v] to one loop, i.e. to lowest order in e, we can discard the 
S term in (I452p and obtain: 

dR[v] ^ dg..,gxy{RUv]RyAv] - 2i?L[0]i?;',, M) + 0{e^) (455) 

Let us insert the decomposition p90p and assume that R[v] ^ O(e^). Of course these assumptions (|454p must be 
checked a posteriori self consistently. One finds: 

dR[v] = dgxygxyR"MR"{vy) + 0(e3) (456) 

The local part gives: 

dR{v)^{f dgygy)R"{vf + 0{e^) (457) 

Upon evaluation of J^dgygy — \dJ2 with J2 — Jj^{k^ + m^)~^ and rescaling this yields the standard one loop FRG 
equation and fixed point for the rescaled R of order 0(e). It is important to note that J2 = Jygy ^ m~'^/e has a 
pole in e which disappear as the derivative dJ2 is finite in d = A, producing a finite /?-function as it should for a 
renormalizable theory. Using the fixed point value of _R"(0) and weak continuity yields the T = correlation function. 
Its general expression is: 

= -9xzgytRyt[0] = ~gxzgyzR"iO) - gxzgytRytM (458) 

and the knowledge of the local part R"{0) only gives it at g = 0, i.e. the center of mass fluctuations, as / UxUy — 
-i?"(0)/m4. 

Let us now study the equation for the non local part which would result from (|455p . 

dR[v] = (dgxygxy - Sxydg,g,)R"{vx)R"ivy) + 0(6^) (459) 

which integrates into: 

= ^igly - Sxygl)R"ivx)R"{vy) + Oie') (460) 

here (|457p has been used, and the fact that the term OR terms should produce only higher order terms in e. The 
corresponding formula for the second derivative is: 

<sH - igl - Stsgl)R"'ivt)R"'ivs) + S,,{gl - S,ygl)R""iv,)R"ivy) + 0{e^) (461) 

and no summation on s, t. Hence for a uniform configuration: 

R'LH = {gl - 5tsgl)R"'{v f + 0{e') (462) 

as the second term automatically vanishes. Since i?"'(0+)^ = i?"'(0~)^ weak continuity then produces an unambiguous 
limit: 

KM = {gl - S,sgl)R"'iO+r + 0{e') (463) 
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and yields the T = correlation function at any momentum q through (|458p : 

tVV = -ff,'(^"(0) + / 9k{g,+k - 5fc))R"'(0+)') + Oie') (464) 

Jk 

which is the result displayed in^ where some (rough) discussion of the ambiguities was also given. Note the important 
fact that is in Fourier ^^g^gq+k ~ 1/e and that the divergence is removed by the local part (counterterm), i.e. 
only the difference — 5ts /j. ff^ is finite, and produces a finite result in d = 4 for the correlatiortiiE 

There is however a feature of the result for the non-local part which at first sight may appear disturbing. Since 
R"{v) ^ \v\ at small v Eq. (|460p appears incompatible with the existence of an unambiguous second derivative i?"j^[0] 
for the non local part to the lowest order in e. More precisely, the limit of i?"y[fi2] as Vi2 ^ is unambiguous and 
equal to (j463[) only for non crossing configurations vix and V2x, i-e. such that vi2x remains of the same sign for all 
X. Since these are interface configurations {N = 1) it also mean they are partially ordered, a concept familiar from 
depinning^^ . 

Hence there seem to be two mutually incompatible properties: (i) strong epsilon expansion (ii) strong continuity. 
At least one of them must fail. Faced with this dilemma we prefer to assume that strong continuity holds, as argued 
in the previous Section. Then it means that formula (|460p and (|46ip cannot be correct in the counting in e if 
evaluated for non uniform configurations Vx, more precisely for configurations with at least one sign change. In fact 
one can check that even as ij^, — > in a subspace of configurations with sign changes at fixed positions, the first 
term in the r.h.s of (|46ip retains a complicated momentum structure which may indeed be incompatible with the 
epsilon counting, while the second term exhibits delta function singularities at the points where vt vanishes (since 
R""{y) = 2(5(w)i?"'(0+) + R""{0^) as can be checked by integrating over a small region containing v — 0). 

Note that this does not mean a failure of the e expansion since as we found above to one loop the weak epsilon 
expansion is perfectly fine and is sufficient to give the correlation functions of Ux- It just means that the T = 
functional hierarchy can be easily solved using the usual e counting only in a neighborhood of uniform configurations 
Vx ^ V + 6vx. This neighborhood can be infinitesimal, such that all derivatives of arbitrary order taken at a uniform 
configuration will satisfy the usual e expansion counting, or one may try to extend it to partially ordered configurations 
vi..Vp with no intersections. In Appendix |M] exact equations are written using the multilocal expansion, and confirm 
that the weak epsilon expansion does work to one loop. We check below that it appears to work also to two loop. 

A non trivial question is to understand exactly how the formula (I460p and (|46ip fail for non uniform configurations. 
There must clearly be contributions of the same order in e coming from higher order terms. There are then two 
possibilities. Either (j455p remains true and corrections only come from the non local part itself, or it fails and 
corrections also come from the third moment term S in (|452p . 

One reason for which we are confident that indeed (j460p fails for (sign changing) non uniform configurations is that 
it contradicts the TBL solution which was shown in the previous sections to be an exact (and fully non pcrturbative 
in e) solution of the hierarchy (order by order in T). More precisely the large v limit of (|427p and (|424p is clearly 
incompatible with the naive small v limit of (|460p for (sign changing) non uniform configurations. Hence terms of the 
same order at small v must be hiding in the neglected terms of (|452p . 

4- droplet relations to order 0{e) 
It is interesting to note that if indeed i?"'(0+) is of order e, then from (|433p and (|432p one expects that: 

J dx4^{x) ^ 0{e) , ^(1)^^ 0(1) (465) 

and the typical value J dxui2{x) ~ emT'^^'^ with the TBL variable for a uniform v being z — nn?v{J dxu'i2{x))/T ~ 
e(wm^)/r. 

In addition to the local relation (I433p . the assumption that (|460p is correct for a uniform w, i.e. that (I462p holds 
implies a few relations involving droplets which should be valid to leading order in e. Matching the flow of i?"j,[0] 
inside and outside the TBL implies (for x ^ y: 

2dgx-ygx-yR"' = ^{{ui2dg-^ui2){g~^u^2)Ag'^u^2)y)D + O(e') (466) 

to be valid to leading order in e, not only the amplitude, but also the spatial dependence - the local part reproduces 
the relation (|433p . Matching of the term proportional to 0(|7j|) from (|462p and the large v behavior from the non-local 
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part of (I420p yields: 

2{dg,g,-5{x) / dgygy)R"' {Q+)R"" (467) 



V 



= —{{{g-^uMg'^u^2). - 5{x) / {g~^ui2Mg-^ui2)y)\ / ui2.|)d + O(e') (468) 

(469) 



a relation which has no local analogous. Note that testing these relations would be as much a check of the structure 
of the droplet solution (after all, we have considered only the simplest minded one), than a check of the weak epsilon 
expansion. 

5. one loop: third moment 

Let us now compute the third moment to lowest order in the e expansion. We need to solve to lowest order, keeping 
the dominant term in (|453p : 

dS[vi2z] - isyva^^^dg^yg,,tgrs{Kz[^i2]^lA'"i2Kt[yi:i^ " RLMR^VhalR'/J^^is]) 

The solution is: 

5^123] - symi23g,j,5,tg,,(3R;,'j7;i2]R;Vbi2]R"tbi3] - KzM^yr\^2XM) + 0{e'') 
Here again we have assumed that 9R is higher order. The leading behaviour is expected to be: 

'5'[W123] = Symi239xy5xt5s/t(3R"(«12x)R"(wi2a)R"(«13t) - R"(wi2x)R"(w23a)R"(wi3t)) + 0{e^) (470) 

with validity a priori either for near a uniform configuration (weak epsilon expansion) or any Vx (strong epsilon 
expansion). As discussed below only the first one presumably holds. Since S = S one can compute, from (|470p : 

5'",V'bl23] = 9^s97-\-9^>^s-{'"ls - Us[vi]){v2s' - Us' ) (W3s" " Us"[v^\) (471) 

for vi , V2 and partially ordered (weak epsilon expansion) . 



6. two loop: order 0{e^) 



To go to next order in e we must now study: 



dR[v] = dg,.,gxyRUvKAv]+dg..'Sll?[0,0,v] (472) 



•yz 

= dg.yg.y R" («. ) R" {vy) + 2dg,,,gxz' R^ [«] R" M + 9.g..' SH? [0,0, v] (473) 

at this stage there is no approximation. The second term is the feeding from the non-local part of the second moment. 
We will now insert (|460p . but we need: 

R'L[v]=R'L[v]-R'L[v^O] (474) 
we need to use only the weak continuity property: 

R'Uv = 0]= \im R';^,[{vy} = v] (475) 

One then obtains the contribution of the non-local term: 

2dg,,,gxz'Kz[^KM = (476) 
295..'5..'(5L - Sxzg^){R'"ivx)R"'{vz) - R"'(0+)2)R"(^;,,) + 2dgx.,gx.,{gly - Sxygf)R"" MR" ivy)R" (v.,) 

For the feeding from the third moment we use the result (|470p . It is shown in the Appendix [Q] that: 

5^123] = Vl2zVl2ygxygyzgz4R"'ivi2y)R"'ivi2z)R"ivi3x) " R'" (^^13. ) R'" (l^l3y ) R" (^^13.. )) + Oivf^) (477) 
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where we have used that R"{v) = R"'{v)v + 0{v'^). Hence: 

Sll?[vi23] = -2g:,z'9z'z9z4R'"{vi2z')R"'{vi2z)R"{vi3.) - R"'{vi3z)R"'{vi3,,)R"{vi3^)) + (478) 
We use again the weak continuity: 



dg,,,Sll?[0,0,v]^ lim Sll?[vi23]Us.=v^,v,,^=^ (479) 



= -2dg,,,g,,,g,,,g,^{R"\0+f - R'" {v,)R"' {v,,))R" (v,) (480) 

Putting all together we find the two loop FRG equation for the functional: 

dR[v] - dg^yg^yR"iv,)R"{vy) (481) 
+2dg..,g,A9lz " <5..5?)(R"'(«.)R"'(«.) - R"'{0+r)R"M + '2dg.z'9.z'{gly - 5^yg^,)R"" {v^)R" {vy)R" {v^ 
-255..'5..'5.'.5..(R"'(0+)' - R"'{v,)R"'{vA)R"{v,) (482) 

This equation is certainly valid near a uniform configuration, i.e. within the weak epsilon expansion. Presumably it 
is valid again for non-sign changing Vx^ although we have not checked it in details. As explained above, for it to be 
correct for arbitrary one needs to discard strong continuity, which we are not ready to do. 

Let us now consider a uniform configuration Vx = v. One then gets the two loop FRG equation for the local part: 

dR{v) = dgx9xR"{v)R"{v) + [2dgM{9lz " 5xz9^t) + '^d g m9oz9 z.]{R"' [vf - R'" {Q+f)R" {v) (483) 
which can also be written as: 

dR{v) = ]^dJ2R"{v)R"{v) + d{lA - \jl){R"'{vf - R"'{Q+f)R"{v) (484) 

with J2 = g^ and I a = Jxz 9oz9oxgxz- This has now a very standard form for the T = FRG equation, and having 
carefully justified the anomalous terms we refer tc^^ for the further simple steps leading to the rescaled two loop FRG 
equation. From the equation above we could also compute the two loop correction to the correlation function, a task 
left for the future. 
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APPENDIX A: FINITE TEMPERATURE BETA FUNCTION TO THREE LOOP IN ANY DIMENSION 

Using the notations of the text one finds the following corrections to the disorder to three loop: 

= iTVii?(«) + T2[(i J2 + ^ J4)(i?r)' - {J!J2 + ^ J4X"(0)i?r (Al) 

+.h,hR'i'R^^ + \jlJ2{{K R'm)Rf KRfm] 



+T[{2ir + iAJi){K'fK' - hir + lAJM'f K"io) - .hJ^R'^ - R'^mK' - hAK'{Q?R!^ 



.1 

+{'hJl + hA){R!^ - KimK"? + (2/a Ji + .hJM - KmK'R^P + \jiJl{K - Rom'Ri'^ 

+ + Irn)iK')' + {'ill +I0+ IaJ2){K'?K"{K - R'om 

+{1, + IjiKK'nR'o - Rmr + 2/aJ2« - RmrKR^o^ - Ijuk ~ R^mfRf 
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where some integrals are defined in (fT3|) . the others are: 

Im= 5l35l4523524 i ^» = / 5l25l35l4523524534 

J1234 J1234 

f f 

Il= I 9129^914923924 , ^ = / 5l25l3524534 

J1234 J1234 

= I 5l25l35l4523524 , 4 = / 9l29l3934924 

1234 J1234 

2 „2 T . - f „3 



= / 5l25l3523 , l2A^ 5l25l3523 
J1234 J1234 

where /]^234 denotes the real space integral over the four points ^ J^^ xs x^' ^ volume of the system. The 
corresponding diagrams are represented in Ref. (one and two loop) and^ (three loop at T = 0). The last line 
contains finite T integrals. Denoting d — —mdm, and R = m'^R, one obtains, via the procedure described in the text, 
the beta function: 

dR = eR + dJiTR" + m'dJ2[]^{R"Y - i?"(0)i?"] (A2) 
+m'[^dh - J2dJi]T{R"'f - m'J2dJiTR""{0)R" + m'''[dlA - J2dJ2]{R"'?{R!' - R"iO)) 
+m'[^dJi - hdJ{\T^{R""f - ^m'dJiT^R""{Q)R"" 

+m'''[-\dlr + (J| - lA)dJi]TR!"'{0){R"'f + m^'[2dlr + (5J| - 4/^)aJi - ?,J2dJz\f{R"'fR"" 

+m^'[dl2A - 2lAdJi - .hdJ2]T{R" - R"{Q)){R""f + m^'[-dl2A + 3J|aJi + .hdJ2]TR"" {QfR" 

1 



3' [9/, - 2lAdJ2]{R" - R"{0)f{R!"'f + -m3'[9/, + 9/™ - 2J2dlA + JjdJ2]{,R"'Y 
3cr/i;)r I f^T Ri^PiT. AT.F)!^ I 72 « T 1 / 5" 6" ^ /- 5"' \ 2 5"" 



+m^''[AdIi + dio - &J2dlA - 4.lAdJ2 + bJ^dJ2]{R" - R"{Q)){R"'YR 
and the flow of the second derivative is now: 

dR!'{Q) = (e - 2C)7?"(0) + 2J2f i?""(0) + 6[/a - J|]f (i?""(0))2 + m'[]^dJi - 2JzdJi]T''R""{Q)R^'^\Q) (A3) 
+im^'[dlr - AIaOJi + 5J|aJi - 2J2dJ:i]T{R""{Q)f 

One can now use special relations such as: dJi = 2m^ J2, dJz = dm^lA, dJ^ = 8m'^l2A, dl2A = 2m?{2Ik + 3/j), 
dir = 2m?{AIi + lo) or scaling relations rrfdJ2 = eJ2, rn?'^dlA = 2e/^, rn^^dli = 3e// and similar for any of 
the zero temperature three loop integrals (the tilde denotes scaled integrals with m = 1). For d < 2 one has 
J„ — m^""^"*^""^)*^ J„ and thus dJn = {{n — l)e + 4 — 2n) J„. This yields, upon introducing further rescaling of u by 
mT^ and i? by m'*^, and defining here T ~ m'^^^+^'^T: 

dR^{e- 4C)i? + C"^' + 2J2f i?" + eJ2[i(i?")2 - R"{0)R"] (A4) 
+ [3/a - 2Jl]f{R!"f - 2j|f i?""(0)7?" + e[2/A - Jl]{R!"f(R" - i?"(0)) 

+ [^/2A - 2J2J3]f\R!"'f - ^/2^f ^i?""(0)i?"" 

+ h4/, - 7o + 2J| - 2 J2iA]T-R""(0)(^"')^ + [16/; + 4/0 + 10 J| - 2QJ2iA]f{R"'fR"" 

+ [4/fe + 61,- - 4/^ J2 - eJ2J3]f{R" - R"{0)){R""f[-dk - 6/, + 6J| + eJa Jajf i?""(0)2i?" 

+e[3/, - 2/^J2](i?" - i?"(0))2(i?"")2 + ie[3/, + 3/„ - 4J2/A + J|](i?"')' 

+e[12/j + 3/0 - I6J2/A + 5J|](i?" - R"{Q)){R"'fR!"' (A5) 

One must be careful that the rescaled integrals /2A, >/3 are still functions of A/to for d > 10/3 and d > 8/3, respectively, 
while all other integrals have a well defined UV limit. All combinations of rescaled integrals which appear as coefficients 
of the r = terms are finite when multiplied by e, which is a consequence of (formal) renormalizability of the T — 
theory. The combinations entering the T — part of the three loop term is found to be identical to the one obtained 
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in Ref.^- , where these integrals are computed. Here we have in addition non zero temperature terms up to three loop. 
In d = 0, upon the rescaling T T/2, R R/A and setting all rescaled integrals to unity, this equation yields the 
results given in the text. 

The flow of the second derivative becomes, for d < 2: 

dR"{0) = {e- 2C)i?"(0) + 2J2f i?""(0) + 6[/a - J|]f (i?""(0))2 + [(^e - 2) J4 - 4J3 J2]T2i?""(0)i?(^) (0) 
+3[8// + 2io - 8/a J2 + 10J| + 4(1 - e)J2J3]f{R""{0))^ (A6) 

Remarkably all but the first two terms vanish in d = 0, when all rescaled integrals are unity. As discussed in the text 
this is a consequence of an exact identity which is local only in d = 0. It holds also in d > 0, see (|405p . but involves 
also non local contributions of the R[v] functional, producing the extra terms above. 

One can then analyze this beta function (jA5|l as in the text. The one loop equation (first line) is identical (up to 
rescaling) to the d — case and the analysis is identical, with a well defined e expansion. To one loop one has a well 
defined TBL as for d = 0, namely: 

2J2fR""{0) ^ -(e - 2C)i?"(0) = eJ2i?"'(0+)2 (A7) 

Now, however, one is not guaranteed that the TBL holds without modification beyond one loop. Indeed inserting 
TBL scaling in (|A6[) yields additional power of 1/T for each additional loop. This is not necessarily a failure of TBL 
scaling, as we know already from the analysis in d = that in the TBL this loop expansion fails. If TBL still holds, 
resummations of all loops higher than one in (|A6|) should yield a result 0(1). Assuming that this is the case one can 
again examine whether (jASp is finite in the outer region u — 0(1). Now trouble already starts at two loop (second 
line). In the outer region u = 0(1) the term T{R!"Y flows to zero and the other term has a finite limit if one uses 
the one loop result 2J2fR""{0) -{e - 2C)R"{0) = eJ2R"'{0+f, namely: 

-2JlfR""{0)R" -eJiR"'{0+fR" (A8) 



Unfortunately this limit cancels the supcrcusp from the T ~ two loop term only for d = 0. Worse, close to d = 4, 
e[2lA — J2] has a finite limit, while the cocfhcicnt of (jASp diverges as 1/e. 

Let us close by indicating the calculation of the correlation function to two loop at non zero temperature. We 
obtain: 

= (g2 + ^2)2 K(0) + ('5^'^^o)"(0) + (<5(2)i?o)"(0) + T<'(0)2[J3(<?) - MO)] 

= 7^^^["^'^"(0) + Tm^Vsil) - J3(0)]i?""(0)2] (A9) 
(g^ + m-^)^ 

where i?"(0) contains all g = contributions. The lowest non trivial q dependent diagram thus occurs at two loop 
and contained in J3. 



APPENDIX B: RESUMMATION IN TEMPERATURE AT ORDER m d = 

In this Appendix we derive in d = the /?- function resumming all temperature loops to a fixed order R^. We 
discuss whether this /3-function can be used at low temperature in the TBL, or in the outer region. We show how it 
can be used in a high temperature expansion. 



1. low temperature analysis 

To derive the FRG equation to order R^ one can either truncate the equations for the connected W-moments: 

-mdmR{u) = 2Tm-^R"{u) + 2m-'^Siw{Q, 0, u) (Bl) 
-m9™^(wi23) = Tm-^{dl + dl + dl)S{ui2z) + 2m-^{R!{ui2)R! [ui^) + R' MR! M + R'MR'M 

(B2) 
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which amounts to set Q which is formally 0(i?^) to zero in (|119p . Equivalently one can set Q to zero in (|124p and 
obtain for the F-moments: 

-md,nR{u) = 2Tm-^R"{u) + 2m~^{R"{uf ~ 2R"{0)R"{u)) + 2m-25'^io(o, 0, u) (B3) 
-mdmSiu,23) = Tm-\dl + 9| + 9|)^(mi23) + 2m-^T{R" {u^2)R" {u^^) + R" M R" M + R" MR" {u^2)) 

(B4) 

This can be solved as an expansion in powers of m^^, through the recursion: 

oo 

'S'('«123) = X! "^"^"*"("123) = '7l~^Si(ui23) + 5'(ui23) (B5) 
n=l 

Sl(ui23) = i?'(wi2)i?'(ui3) + B!{U21)R'M + i?'(w3l)i?'(w32) (B6) 

2(n + l)Ts„+i(ui23) = T{dl + a| + a|)s„(ui23) + m39„s„(ui23) (B7) 

where the evaluation oim?dmSn simply amounts to use only the FRG to linear order m^d„iR = —2TR". The solution 
is: 

s„("i23) = ^r"-isymi23i?("Hwi2)i?(")(iii3) (B8) 
Using that 39„i9„2Symi23g(ui2)5(wi3)Ui=«2=",«3=o = 9'{-uY - '^9'{^)9'{u) - 2g"{0)g{u) one finds the /? function: 

oo _2(n+l) 

-mdmRiu) = 2Tm~^R"(u) + 2^- ■ T""i[i?("+i)(u)2 - 2i?("+i)(0)i?("+i)(u) - 2i?("+2)(0)i?(")H] 

n—l 

(B9) 

Since odd derivatives at zero of R (supposed analytic) vanish, for each n only one of the last two terms is non zero. 
In rescaled variables: 

~mdrnR{u) = (4 - 4:C)R{u) + CuR'{u) + fR"{u) (BIO) 

+ ^ ^;^[i?("+l)(M)2 - 2^("+1)(0)E("+1)(m) - 2i?("+2)(0)^("Hu)] 
n=l 

As discussed in the text, this equation docs not make sense for u in the TBL, since each new term is more divergent. 
Going to Fourier representation one can formally resum it. However one checks that it does not lead to a meaningful 
resummation which respects TBL scaling. TBL scaling for R{u) should hold since the first equation in (|B4p implies 
([28|l since any third cumulant can start only at order . A successful resummation would mean that ()B4I) discarding 
the left hand side has a solution. This does not appear to be the case. In other words one cannot, in the full TBL 
equations, truncate as was done here, i.e. discard the term Q. This can be seen from (jB2l) . since there the feeding R^ 
term is T"* it cannot balance the TS" - term (we recall that R' - and S" - S" in the TBL and that 

all 5" ^ S" S*" ~ ^lyQ TBL). It seems that any truncation at any order where a connected cumulant will 

be set to zero will violate TBL scaling. The reason is that in the TBL these connected cumulant are always dominant 
with respect to disconnected parts. 

Next one can check whether the above /3-function (|B10[) makes sense in the outer region u — 0(1). Since R^p{0) ~ 
rp3-2p^ the term T"~-^^!("-+^)(0) ~ r("+^^(0) has a well defined hmit, while for n > 1 one can set the other one 
T'"~^i?("'+^)(0) to zero, as well as the first term. Thus the /3-function has a good limit. Unfortunately this limit is 
incorrect. We can trace it to an inconsistency of the present truncation with the partial boundary layer (PBL) scaling 
when two out of three arguments are brought close together. The PBL scaling (|232|) involves a function 0, which 
yields the terms beyond one loop in the above /3-function (jB10[) . and a PBL scaling function s*^^^-* ({(12, U13) which can 
grow at most as s^^^-* ^ ufj at large U12 (otherwise, e.g. T'^s'^^^^ ^ T^uf2 would diverge as T ^ 0). Let us write the 
equation in the PBL, Eq. (175) of Reff2£, keeping only the terms not discarded here. It reads: 

ul2[i2e-2-4C)d(t>{ui3) + Cu(t>'iuu)] = R"(ui3)r"(ui2) + 4o'^ (wi2, U13) (Bll) 

It implies that S2o^-'({ti2, U13) ~ uf2 at large UI2, hence s^^^^ '--^ 11^2, and violates finiteness of PBL. Indeed the above 
solution (jBSp contains terms such as: 



^(^^123) - T\"{ui2)R"iuu) + 



(B12) 
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which violate the TBL assumption that the only terms must be of the form exactly ■ ^ correct analysis of the 
terms discarded shows that the present truncation implies 15^01x4(^^13) = in the outer region. Matching then implies 
that 0(1*13) = 0, i.e. all contributions found here are exactly cancelled in the PBL by terms formally of higher order 
in R. 



2. high temperature expansion and logarithmic disorder 

The beta function (jBlOp is useful however in the opposite limit of high temperature T . One example is the marginal 
case, = 0, where T ~ 2T does not flow. In d = this is achieved for a bare disorder with logarithmic correlations: 

Rq{u) crln|u| (B13) 

R{u) CTln|u| (B14) 

the renormalized disorder having the same large u behaviour. Logarithmic disorder correspond to C = e/4 in any d, 
with 9 = 2—^, hence temperature is marginal only in d = 0. The one loop ERG equation for logarithmic disorder 
readsi^O; 

^uR!{u) + ]^R"{uf - R!'{0)R"{u) + fR!'{u) = (B15) 

i.e. it has a solution R{u) ^ —{a / e)\n\u\ at large m, with a — IGcr. The last term arises because R{u) ^ —ah\u + 
Icr In TO i.e., only R{u) — i?(0) has a TO-independent limit. This fixed point equation for R'(u) is quite simple to 
analyze, but does not seem to have a closed form solution. The second derivative at zero, however, is obvious to 



obtain as -i?"(0) = y^f +r2 - T, from which one knows (u2) = -i?"(0)/m'* = -i?"(0)/(4m2) in d = to a one 
loop approximation. 

To go beyond the one loop approximation in d = one notes that a systematic high T expansion of the ERG 
hierarchy can be constructed. One easily finds that: 

7?(u)=r(^) + i-r2(^) + .. (B16) 
~S[u,2,)^ls,C^) (B17) 

with Q ^ Q ^ Q ^ ^ and so on. Note that Q = 3[i?i?] + Q remains of order one, only its connected part is 

subdominant in l/T. This extends to all cumulants. To dominant order (with e — A) the equation and its solution 
are: 

xr' + r" = -4(7 (B18) 
r'{x) = -4ae-^'/2 j ^y^v^ ji (g^g) 



and one recovers the large T limit for (w^) = a /{Tm?). 

To next order one can check that all terms in (jBlOp are of the same order l/T^, hence we obtain the equation which 
determine r2'. 

00 

= xr^ + r'i + ^ {xf ~ 2r[-+'^ {0)r["+'^ (u) - 2r[-+'^ iO)r[-^ (u) (B20) 

n=l 

We will not give the solution here, but it clearly can be done. It shows that the expansion in power of i? at T > is 
more suited as a high temperature expansion, and that it fails at low temperature. 



APPENDIX C: HIGHER CORRELATIONS IN d = 



Here we examine the polynomial expansion to sixth order. In particular we check explicitly that -R^^^(O) = i?^^''(0). 
Since six point correlations have been examined in detail in Appendix C.2. of2£ we only give material not presented 
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there. The six point connected correlation reads: 

Gabcdef = (UaUbUcUdUeUf) - 15[{UaUb) (UcUdUeUf)] + 30{UaUb) (UcUd) (UeUf) (CI) 
= (UaUbUcUdUeUf) - l5[{UaUb) (UcUdUeUf) c] ~ l5[{UaUb) (UcUd) (UeUf)] (C2) 

where [..] denote full synimetrization upon the p indices. It is related to the T vertices through: 

^abcdef = — {^^)^ G abcdef + '^^{-T^Y [G abchG de f h] (C3) 

T T 

Gabcdef = — ( ^abcdef + 10( 5-) [Tabch^defh] (C4) 

since Legendrc transform is involutive F is also made of tree graphs of W , and there is a symmetry between these 
formulae. In principle there is a G~^ on each external leg, but thanks to the above STS property, only the Kronecker 
delta part remains (i?"(0) disappears). In Appendix C.2. oSS the following parameterization of the F vertex was 
used: 

1 6! 6! 

Gabcdef = -T^'^e + 414-7^4 g6(8[(5afcc] " &[5ab5cd]) - ■^^^^^{[Sabcd] " 2[6abc5de] + [Sab^cdSef] (C5) 

-^R^^\Q){~{5abcde + 5perm) + [SabcdSef + 14perm) - {5abc5deS + 9perm)]) (C6) 

where sg, and rrig are derivatives at zero of respectively third, fourth and sixth cumulants given there. In all 
above formula replica indices are arbitrary (they can be equal). This form is imposed by STS since there are 11 
a priori distinct elements Taaaaaa,^aaaaab, ■■ (distinct indices) etc.. (same for the G) and the general STS relation 
'^Zh^abcdeh = (arbitrary indices) imphes 7 relations. It thus remains 4 independent variables at order . 

In Appendix C.2. of^ all eleven distinct connected correlations where given as a function of these parameters (for- 
mula C15-C25 in the condmat version). We have checked that these relations are correct. Taking linear combinations 
of those one can hope to relate i?*^^-'(0) to some simple observable. This is not that simple, and in particular (see 
below) it involves correlations with more that two distinct replica indices. Relation if any is indireclji^i 

We now follow the route of the present paper and first compute w-^^ (0) which does have a simple physical meaning 
from the renormalized potential. Formula (j76p yields, introducing two sets of replicas with ni and n2 separately going 
to zero: 

-m-^R"{vi - V2) = {{Ua, - V,){Ua, - V2)e'^^'" "-+"^ "-^) (C7) 

where (..) is the standard replica average. Indices ai are always distinct from indices 012 (and belongs to a;). The 
above expression is clearly a function of vi — V2 as can be verified by performing the shift Uc Uc + V2- Setting V2 — 
and vi = V and Taylor expanding one finds: 

^ 2p p 

-m-'R"{v) = (^,,^«„J+^!^(u,^(^^,„JPu„J (C8) 

where a term proportional to ni has been dropped. Here one has to be careful with the constraints. It yields for the 
sixth derivative: 



-m-4i?(«)(0) = («,^(^z,,j4^,J (C9) 



To perform the calculation the safest method is to add variables one by one, recursively (ni — being implicit 
everywhere) : 

UaUaUpU^Us = (u^ - UaUb)ui3UjUs = (u^ - U^^fc ~ 2u^Ufc + 2UaUbUc)u^Us (CIO) 

= {ul - Sulub + 2UaUbUc)UyUS (Cll) 

and so on., the final result is: 

-m-4i?(6)(0) = ^{{ulub) - 5{utubU,) - 10{ululu,) (C12) 

+ 20{ulubUcUd) + 30{ululucUd) - 60{ulubUcUdUe) + 2A{UaUbUcUdUeUf)) (C13) 
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Now let us give here explicitly the disconnected pieces not given in Appendix C.2. o^: 

{ulub)disc = l^{ulf{UaUi,) + b{UaUb){ui)c + lO(u^) (CM) 
(u'^UbUc) disc = 12{ul){UaUb)'^ + 3{ul)^{UaUb) + (UaUb) (ul) c + 8{UaUb) (uluc) c + 6{ul) (ulubUc) c (C15) 
{ulubUcUd)disc = 9{ul){UaUb)^ + 6{UaUb)^ + 3{UaUb) (ulub) c + 9{UaUb) (ulubUc) c + 3{ul) (UaUbUcUd) c (C16) 
{ululucUd) disc = (ul)^(UaUb) + ^{ul) {UaUb)"^ + 10{UaUb)^ + {u aUb) (ulul) c + 2{ul) (ulubUc) c (C17) 
+ 8{UaUb) {ulubUc)c + ^UaUb) {UaUbUcUd) c (C18) 
{ulubUcUdUe)disc = 3{ul){UaUb)'^ + l2{UaUb)^ + 6{UaUb) (ulubUc) c + 8{UaUb) (UaUbUcUd) c + (ul) (UaUbUcUd) c 
{UaUbUcUdUeUf) disc = lb{UaUb)^ + l5{UaUb) (UaUbUcUd) c 

(C19) 

Amazingly, a tedious calculation shows that in the above combination all disconnected parts cancel (as is already the 
case for the fourth cumulant). One finally gets: 

-m-4i?(6)(0) = ^{{ulub)c - 5{u^aUbUc)c - Wiululu,), (C20) 

+ 20 {ulubUcUd)c + 30{ululucUd)c - 60{ulubUcUdUe)c + 2A{UaUbUcUdUeUf) c) (C21) 

= -m-'*i?(6)(0) (C22) 

where the last line results from evaluating the combination using formula (C15-25) of Appendix C.2. o&. All 
contributions of mg, sgj 941 i?^^-'(0)^ cancel in this calculation. This tedious and non trivial (partial) check that 
R — R should convince the reader of the amazing efficiency of the Legendre transform method given in the text. 
Furthermore formula (jCSp provides a general method to express any derivative of R (and thus of R) at zero to one 
linear combination of correlation functions (others can be generated by adding all STS identities) . 



APPENDIX D: LEGENDRE TRANSFORM: RELATIONS BETWEEN MOMENTS AND T-MOMENTS 

We perform the Legendre transform in any dimension, d = is recovered setting g = l/m? and discarding space 
indices. 

We start from the definition of the Legendre transform |[9T|) : 



rM = ^E<5.-,\"-w^H (Di) 

axy 

y y 

where the second line is the condition = together with (j84p . Taking the derivative in the F-cumulant expansion 
([gO)) . (|D2|) can be rewritten: 

v.=u,--^ 9xy—^ ~ ^ 2^ 5^a + 4 i-eplica sums(D3) 

yc V ycd y ycde ^ 



where we have used the symmetry of the cumulants. One can also rewrite (|D2[) by rearranging the quadratic term 
and inserting the VF-cumulant expansion: 



r[u] = To + :pf;J29xy'^xUy - :jPf;J2 9xyi^ - 'u)x{v - u)y 



axy axy 



^[^"'1 ^[^"' - li?^ E ^[^"' ^'"1 + 5 replica sums (D4) 



ab abc abed 



We can now insert (jD3P into (ID4p . perform Taylor expansion in the cumulants. Remarkably, since in that operation 
the number of free replica sums can only increase, it allows to identify simple relations between cumulants by comparing 
with: 

r[u] =To + ^Yl axy<K - E ^[""'] - E ^[^"' - E + 5 replica sums 

axy ab abc abed 
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The calculation yields the formula ([93|) in the text as well as: 

^ S 

Su'i Su?-. 



1 /Sr 1 10 SR[u"-'']SS[ua,Uc,Ud]] , , 

Q[Ua,Ub,Uc,Ud\ = Q[Ua,Ub,Uc,Ud\ - 12 syui^bcd 2^ 9xy—7-^ 7— (D5j 



xy 



y 



,SR\u'"=] 5R\u'"=], ^SRlu""^] SR\u'"^], 
and using ([M]) one finds that the same formula holds with S ^ S and the —6 replaced by +6. 



APPENDIX E: GENERATING FUNCTIONALS AND LEGENDRE TRANSFORM IN GENERAL, NON 

STS CASE 

Since many models do not posses an exact STS symmetry we give here a derivation valid in the general case. The 
only assumption is that the expansion in number of replicas is valid. Of course the final formula is not as nice as in 
the STS case, and we hence stop at the level of second cumulant. 

One defines as usual the functional W[j] = lnZ[j] = hij^^^-^ Zv[ja] where: 

Zv[j] = I D,ie-Tffv[u]+/^j.u. ^ ^-^Fv[j] (g^^ 



where -FVb] is the free energy in presence of sources, e.g. an external force jx = —fx/T. One writes the general 
expansion: 

W[j] = W[Q] + i E ^[J''] + ^2 E ^[^- -^'^l + Ff3 E S[]a,]l„]c] + .. (E2) 



abc 



in terms of fully symmetric functionals. Note that the number of replica p is arbitrary here®^. 
One shows that: 



-Fv[j]^m (E3) 



Fv[ji]Fv[j2] ' ^R[]i,]2\ (E4) 



-Fv[ji]Fv[j2]Fv[n] ^S[n,n,h] (E5) 



It is clear from the definition W[j] — lnexp(— y Yl,a Fv[ja]) — Yl^=i '',^t" Fv[ia])^ ■ It can also be checked by 
inserting groups of values ja = ji for Ui replicas and expanding in multinomial powers of rii. 

These function(al)s can be simply measured by applying a force to the system. For instance, at T = 0, denoting 
Ef the ground state energy in one realization of disorder in presence of a force one has: 

-Ej=U[f] (E6) 



Ef.Ef, =i?[/i,/2] (E7) 

In some cases, STS is restored at large scales (such a a manifold on a lattice) and these formula can be used to check 
that. In that case it should depend only on /i — /2. Of course in that case a non STS local part such as non STS 
gradient terms may remain, and are typically irrelevant. 

Let us now perform the Lengendre transform T[u] + W[j] — u^j^ with u — W'[j]. This condition yields: 

<^^K ba] + ^ E ba , jb] + ^ E ba , Jb , Jc] + ■■ (E8) 

b be 

where derivatives here are with respect to the first variable. Now define such that: 

ux = ^mj>]] (E9) 

In the absence of the terms involving replica sums in (jESp the solution would be — In general one writes 

— J°[^i"] + where Sj"" contains at least one replica sum. One rewrite (|E8p as: 

< = ^KifK]] + ^Uxy[j>'']]Sj'^ + ^ E Kij^j'] + 2 replica sums + .. (ElO) 

6 
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The two first terms cancel one gets: 

Sjy - -^U"[fK]]y^ E KifKlAA] + 2 replica sums + .. (Ell) 

b 

We can now express the effective action: 

r[u] ^ J2 ToK] + E / <^3'^ - ^'^.[J^KII^J: - ^ E R[j>%J>'']] + 3 replica sums + .. (E12) 

a a •'^ ab 

roM = £«.j°M-lj7[/M] (E13) 

where the terms 0{Sj'^) yield three sums. A cancellation occurs from the definition of j° giving the final result: 

T[u] - E^oK] - ^E^tj'"!^"]'^'"!"']] +3 replica sums+ .. (E14) 

a ab 

Thus one has: 

=i?[/K],j"[u^]] (E15) 

where j'^[u] = —f'^[u]/T with: 



J^k[/°M]=". (E16) 

note that /o [u] is a non random quantity depending only on the average energy. 
Finally note that if f[0] = then : 

ro[0]=TV/r , i?[0,0] = ff' (E17) 
and ^[O, 0, 0] — S[0, 0, 0] = —Fy , checked in the STS case. In general one can write: 

^>[j1 = ^jGj + C/4j] (E18) 



G = g , for STS (E20) 



with Ui = in the latter case. Thus in general: 



u.^v'^M + ^mfW]] (E21) 
^0 ^ (222) 



in the STS case v°[u\ = u, f[u] = g^'^u/T. 



APPENDIX F: FROM T-FRG TO W"-FRG 

We start with the second cumulant Ty-ERG: 

2T 2 - 

-md„,Riv) = -^R"{v) + -^Sno{Q, 0, v) (Fl) 

and substitute using ([70|) : 

Sllo{Vabc) = Siio{Vabc) H 2 ^'abi^'ac - R'bc) - ^ab^bc " Raci^ab " R'cb)) (^2) 
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and we denote R'^i^ = R{vab) etc.. The limit Vab — > is always unambiguous for T > (and here also unambiguous at 
T = provided R'" is bounded which we assume from now on). It yields the second cumulant F-ERG (|123p in the 
text. 

Let us now consider the third cumulant M^-ERG: 

ST - 3 - 6 

-mdmS{Vabc) = -^[S200{Vabc)] H :^[QllOo{Vaabc)] H nlR'abKc] (F3) 

TO^ TO^ 

Let us write, using ([70)1 : 

3 , 6 



dmS{Vabc) = -mdmSiVabc) " ^ {~md„^)[KM - — [KbKc] (F4) 



3T - 3 3 - 

^ [5*200 (?^abc)] 2 (~"^'^'»)[-^afcKc] H n [*3ll"o(^'aafcc)] (F5) 



-^[o2Q0{Vabc)\ H 

TO^ TO 



2 [5200(fa6c)] + ^[dUKbKc]] ~ ^ {-md^WabKcl + ^ [QllOO («aabc)] (F6) 



One has: 



[dllKbKc]] = + liK'bKc] (F7) 

-TO9„[i?Jjji?^J = 2[(-TOam)i?^f,^ac] = —[R'ab^'acl 2 ["^lll )-^ac] ^ ~ -R"(0))^Qf.^lc] (F8) 

TO^ m"^ 

Thus we obtain: 

3T 6T 12 3 - 24 

-mdr^SiVabc) = ^[5200(«a6c)] + ^ + -^[S 111 {Vaab)K,] + ^ [QllOO («aa6c)] - - i?"(0))<^i?: 



TO^ TO* m* TO^ TO* 

One can check that: 

[dadb[Sloo{Vabc)Kd]\a=b] = ^ Kd^lll («acc)] + ^ Ke^llO " ^ [«c ^ i?" (0))^110 («acd)] (F9) 

using that S"!!! is odd and using the STS relations S'iii(u, u, v) + 2S2io(u, u,v) = and ^200 + •S'lio + Siqi — 0. Thus 
one gets: 

-md„,S{Vabc) - ^[^200(«a6c)] + ^[KbKcl + ^{[KcSlloiUaad)] " [{R'L ~ i?" (0) ) ^110 (^acd)] ) (FIO) 

TO^ m* m* 

+ ^[Qll00(«aa6c)] - ^[(Kb - i?"(0)X;i?;j + ^[dadblKAKb " i?c6Xrf]|a=.] (Fll) 
TO^ TO* TO* 

Performing the last calculation cancellations occur and one gets the equation (|124p in the text. Note that the R'R' 
part of S* — as well as the R' S' part of Q — Q can be guessed from the W-ERG equation, just solving for explicit 
mass dependence in the last term (i.e. the non linear term). Finally note that the above was derived using i?"'(0) = 0, 
i.e. at r > 0. There are in fact several terms formally proportional to i?"'(0) both in (jF9[) and in (jFlip . One finds 
that these all cancel by parity if one replaces the contractions \a=b by \u^=ub+s and keep S infinitesimal until the end 
(i.e. the result is unambiguous). 



APPENDIX G: TWO- WELL DROPLET SOLUTION FOR ANY MOMENT 

1. third and fourth moments 

We start with the two-well calculation of the third moment: 



Siiiiv, z,t) _ V'iv)V'{t)V'iz) 



(Gl) 



, U1X1 + U2WX2., - U1Y1 + U2WY2 U1Z1 + U2WZ2. , , 

= + X,+n.X2 ^^'^^ + Y,+wY2 + Z,+u.Z2 ^ ^^'^ 

= -T(ul)piv + i+z)+ T(h,s{Xi,Yi,Zi,ui;X2, Y2, Z2, «2))u, + 0{T^) (G3) 
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where we have defined Xi = = e™ 



Jo 



""^ ffw uiXi + U2WX2 uiYi + U2WY2 uiZi + U2WZ2 



(G4) 



W ^1 + ^1X2 Fi + ^1 + WZ2 

together with the symmetrized expression hgg as in (|150p . A tedious calculation then yields: 

hss{Xi,Yi,Zi,ui]X2,Y2, Z2,U2) ^ im^uiW2(ui - U2Y{v + i+ z) (G5) 

+ i„,2(^ _ )4[^ X^^Y,Z,+XlY2Z2 

4 ^(X2yi-Xiy2)(^2^1-^1^2) ^ ^ 

Yj^i^i + ^[^^2^2 Z^XiYi + X2I2 -1 

(X2yi-Xiy2)(-r2Zi + yiZ2) (-^2^1 + nz2)(-^2Zi + XiZ2)''^ ^ ' 

Here we can check that upon the shift v v + a,z z + a,t —>■ t + a, the change in h^^ simplifies drastically into: 

3 1 

avn? {-uiU2{ui - U2Y + -j^i^i - U2Y) (G8) 

Expanding this yields am?{u\ — u\u2)ui which cancels exactly the change from the first term — 3a(uf)p due to the 
STS relation —P'(ui) = J du2{ui — U2)D(ui,U2)- The final result is thus invariant under translation. The first term 
—T{u\)p can hence be combined with the second and third. Defining y — ui — U2, upon a few transformations one 
obtains the result given in the text. 

The fourth moment can be computed in the same way: 



Oiiii(^^,^,^,^) _ V'{v)V'{u)V'{t)V'{z) 

8 ~ 8 ^^^> 

^ {-TV + "^""^ + "^^""^ ){^Tu + ^ + "^"^^ )(-rg + "^^^ + "^"'^^ )(-rt + "^^^ + "^"'^^ ) (Gio) 

Xi + WX2 Yi + WY2 Zi + %uZ2 Ti + WT2 

= {4)+T{hssiXi,Yi,Zi,Ti,ui;X2,Y2,Z2,T2,U2))u.+0{T^) (GU) 

with X^ = 6""'"'*,^^ = e"'"'", Z^ = e™'"'^ T, = e™'"'*. Let us define: 

Fi, Zi, Ti, ui; X2, ^2, ^2, T2, U2) (G12) 
^ dw ,uiXi + U2WX2 uiYi + U2WY2 uiZi + U2WZ2 uiTi + U2WT2 4, 
w Xi+ WX2 Yi + WY2 Zi + WZ2 Ti + WT2 ^ 

Implementing the two symmetries a nice mathematica calculation yields: 

hss - -u,U2ulA{-i+ 'J'^'^ + T^^^ + -Y^^^)HXjX2)+p.c.] (G13) 

+ -ut \ 7 In X1/X2 + p.c] (GU) 

4 ^^\-T2Xi+TiX2){X2Yi-XiY2){X2Zi-XiZ2) ^ 1/ ^ j \ ; 

One gets finally the result given in the text. One can check the STS symmetry (under a common shift of all the 
variables) noting that symu,v.z.tF[v — u,v — t,v — z] = 0, both for circular permutations, and full permutations, 
and one also finds that the second term is invariant by the shift of all variables. One finds also the small argument 
behavior: 

m-^{Qnn{vi,V2, fa, «4) - {ut)p) = -'^{l2{uiU2y^)y + 0{m^{uiU2y^)yV^) + ^{y^)y + 0{m^{y'^)yV^)) (G15) 
all those functions are always even in y, as has been imposed using the symmetries. 

2. solution for any moment 

We can write any odd moment as: 

n 

Si'^livu-vn) = -Tm^''{u'l-^)pC^h) + A4h] + 0{T^) (G16) 

i=l 
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and every even one: 

S["\{v,, ..vn) = m^''{u^)p + A4u,] + 0{T^) (G17) 

where: 



=m^"n -M? = T(feK;a„^i,^2])„. (G18) 

J- J- m -4- n ■ 



W + a 
i—1 



ur~ 1 2n f dw Yj U2W + UiGi 

h[v,;ai,ui,U2] ^ m^" — ( ■ w^^) (G19) 

Jo w -^^ w + ai 

and Ui — e'xjp{m^yvi), y — ui — U2- To simplify this expression it is convenient to first subtract U2 instead of u", then 
perform the Mathematica command Apart [,w] to extract the poles. Dividing by w and applying again the command 
Apart[,w], one gets a term (ug — u^)/w which can be discarded if the initial substraction is u". The final result is 
remarkably simple: 

U!- 1 2n /"\ "21 TT U2ai - MlOj ,r^r,n\ 

h[Vi;ai,ui,U9] = m^"- / dw } (G20) 

I- w + tti -^f-. ai ~ aj 







Now, before integrating we first symmetrize under the first symmetry ai l/oi, ui <-> U2. Noting that each fraction 
"^q'-q^"^ is invariant, one ends up to compute dw[{w + ai)~^ — {w + l/ai)~^] = — Ina^ thus one gets simply: 

n 

Hence one gets: 

n ^ 
Mv.] = -m^-^'T{y^Y.^,l[{u, - (G22) 

The last step is the symmetrization Ui —Ui. It yields: 

1 " 1 1 

The highest order term in y is: 

1 " 

A^n'^ii^] = jm'-+'T{y-+' ^ «,F[m\(^, - 5,)]>«.,y (G24) 



1=1 



where = — z^ , a result consistent with the highest order term in y given in the text for the third and fourth 
moments. To get the other terms given in the text one must use, for the third moment, (ui)p = ^{yuf}y,ui from 
the STS identity (|143p which yields ~{u\)p + \{y'^u\)y^ui ~ \{y'^ui)y^ui = ~\{y^)yj £^nd, for the fourth moment, the 
identity F{a, b, c) = 3sym^ft^(l - e"'')(l - e"'')"^ - (1 - e'')(l - e'')-^ where F is defined in the text. 

3. generalization to any 

The above formula can be generalized to any N. We drop the tilde subscript. We need: 



A„[v^]a-,...a„ = ™^""n" "I" "^■"'"^ _ TT -j^ ^ T{h[vi;ai,ui,U2]aj_,..a„)ai (G26) 

W + Ui 

1=1 1=1 
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where = exp(m^y • Vi), y = ui — U2. Again using Apart one finds: 

»1 n 

h[v^;ai,ui,U2\ai,..a^ = m / > — ■ — (G27) 

Jo + a, J- jL Gi - Uj 

1=1 ■> 

Integration and symmetrization yields: 

fts[wi;ai,ui,U2jQi,..Q„ = -m 2^ In J_ (G28) 

1=1 j^i ■> 

Using the symmetrization Ui — > ~Ui. It yields: 

1 " 1 1 

i=l j^i 

The highest order term is: 

where the function F is defined in (|G25[) and does not depend on A^. For the second moment one obtains, restoring 
the temperature in the TBL variable: 

Kp{^) = Kp{^) + Tm\y^ypF2{m'y- v/T))g (G31) 



APPENDIX H: THREE LOOP BETA FUNCTION IN ZERO DIMENSION 

1. Three loop at T > by the T-ERG method 

We start from the Eq. (|237p in the text. From this equation we expect a solution for S''-^-' of a form similar to (|22ip . 
schematically: 

5(4) = a'f{R"R"R") + p'{R"R"R"R") (HI) 

To be systematic, note that any feeding term of the form cT'^RP in the equation for S^'^^ yields the term a'^pCT^RP 
in its solution with the explicit form for the coefficients: 

1/alp = 2n + 2g - 4 + (p + 1 - g)e = 2n + 4p - 2g (H2) 

Hence one has a' = 4:jcti3 = 1/2 and (3' = Gj'aQ^^ — 3/8 in (jHip . and this also reproduces l|225p . We now write 
5(3) ^ 5(3,0) ^ 5(34) with, schematically: 

5(3.0) ^ lf{R!'R") + -{R"R"R") (H3) 
8 8 

The equation for S^^'^^ is, schematically: 

(di - 2e + 2)5(3.1) = -^f{26R"R") - ^i3SR"R"R") + (5(3^")") + 3(11" {s[l'°\uii3) - S^^'°^") (H4) 
+ ^f[iR" R" R")"] + ^[iR"R"R"R")"] (H5) 
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This leads to the various contributions to 5{^q(0, 0, u): 

— \\(R''R''R''R'')'']''] - —(R"'y + —R"(R"'fR"" + —R"\R""f (H6) 

^f[[iR"R"R"y']"] = ^f{R"'fR"" - l-f{R"'fR""iO) (H7) 

3y(^(3,o),/) ^ '^f^aU{{R"R"R")")"] = ^f{R"'fR"" - ^f{R"'fR""iO) - ^fR""{0)^R" (H8) 

+ Lf{R"")^R" + —fR"'R'^^^R" (H9) 
32 16 

-T(5(3^°)") ^ -f 2-ai2[((i?"i?")")"] = — f - 2/?""(0)i?"" + —f^R"'R(^') - — f 2R"i?(6)(ojjH10) 
2 2 8 48 12 24 24 

-^f ^ -^0^2^ - i?""(0))i?")"] = ^f^R""{0)R"" - ^r2i?"'i?(5) + ^t2R,/^(6)(Q) (jj^^) 

--f{6R"R") ^ --ajgf + = ^fi?""(0)(i?"')' - —fR!"'{R!"f (H12) 

4 4 32 32 

+£f i?""(0)2R" + — f R"i?""(0)i?"" - — TR"i?"'i?(5) (H13) 
32 32 32 

-1{5R"R!'R!') ^ -|a?3^[((-R"" - i?""(0))i?"i?")"] = :^ri?""(0)(i?"')' - l-f{R"')^R"" - J-f R"i?"'i?(5) 
8 8 32 32 16 

-li6R"R"R") ^ -|ai]4[((i?"'2 + = - -^R"(i?"')'i?"" - i-R"'i?"'i?(5) (h14) 

8 8 40 40 20 

3{R"isf^^\uiu) - 5(3'°)") ^ ^ajgf - = - Af i?""(0)(i?"')2 + £fi?""(i?"')' 

+ :^f R"(i?"")2 - i-TR"i?""(0)i?"" + ^^f R"J?"'i?(5) (H15) 

3(i?"(^i?b°^(uii3) - 5(3.0)") ^ ^a3j(i?"(i?"i?"i?")^' _ i?"(i?"i?"i?")")"] = ^{R:"f + liR"(i?"')2i?"" 

8 40 40 

+^R"'(-R"")' + ^R"'i?"'i?(^) (H16) 

we note that each of these terms has a vanishing second derivative at zero (they all come from a true third cumulant, 
and third cumulants start as u^). Above, 8R!' = (pi + e)R" = f(R!"' - R""{0)) + {R"'f + R"R"" + 0{TR^,R^). 
Remarkably, the sum of all these terms, after multiple cancellations, gives the T > beta function to three loop 
derived by other means in Section HJ 

It is worth pointing out where each anomalous term originates from: 

(5(3'0)") ^ ^f^alMR"R"R")")"] - -^TR!"'{0){R"'f - ljfR""{OfR" (H17) 

If^gim") ^ -f^-alMR!'R!')")"\ = -— f2R"i?(6)(o) (H18) 
2 2 8 24 

--f{5R!'R!') ^ ~\al^f%{R"" - R""{0))R")"] = JLf 2R"i?(6)(0) (H19) 

--f{SR"R") ^ --al^f[iiR"'^+R"R"")R")"] = —fR""{0){R"'f + —fR""{0)^R" + —fR"R""{0)R"" 
4 4 32 32 32 

3iR"{S[l^\un3) - 5(3'°)") ^ ^ajgf [(i?"(i?"i?")j; - R"{R"R")")"] = - Afi?""(0)(7?"')' - ^TR"i?""(0)(MO) 

-^f[[iR"R"R")"]"] = -^T{R"'fR""{0) (H21) 

--{SR"R"R") ^ --al^f[{{R"" - R"" {0))R" R")"] = —fR!"'{0){R"'Y 
8 8 32 

Cancellations of 1/T terms arise in the first four terms, while the last three are more regular (with term linear in R" 
cancelling). The cancellation of divergent terms occurs thus between 95(3) g^j-^j 'pgis)" jj^ ^j^g unrescaled equation, 
and presumably between T'5(3)" and C5(3) + Cu5(3)' in the rescaled equation using the R equation. 
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2. Three loop at T = by the T-ERG method 

Let us now recompute the T = terms from the previous Appendix, taking all limits at O'^: 

= ^^{R"r + ^R"(R"')'R"" + -^R"'(R"")' (H22) 

— Li?"'(o++)2(i?"')2 _ }]_R"'{Q+f(R"'f + —\^'R!"(0++fB!"'{Q+) - — R"i?"'(0+)2i?""(0+) (H23) 
160 160 80 16 

-1{5R"R!'R") ^ -laUiiR'"^ + R"R!"')R!'R")"] = -^AR"'f - ^R"{R"')^R"" - l-R"^R"'Ri5) (H24) 
8 8 40 40 20 

+ ^(^"')'^"'(0+)' + ^R"i?"'(0+)2i?""(0+) + ^R"R"'{0+fR"" (H25) 
3{R"{si%iun3) - S'^) - ^agj(i?"(i?"i?"i?")[,' - = ^(^"')' + ^R"(i?"')'i?"" (H26) 

+^^"\R""f + ^R"^R"'R^^^ (H27) 

-— i?"'(0++)2(i?"')2 - -R"'(0+y(R"'f + —R"R"'(0++)^R""(0+) - —R"R"'(0+fR""(0+) - —R"R"'(0+fR"" 
40 8 20 ^ ' 10 ^ ' 40 

Where we have assumed that R"(0+) ~ 0. We find that each of these expressions has no super-cusp by itself. When 
two limits have to be taken the one taken first is noted 0++ (for instance this gives the feeding of the fourth cumulant 
into the third). This is PLB31. It has no ambiguity. Then the second limit 0^ is taken, this is PBL21 or PBL211. 
One easily sees that there is no supercusp independently for 0+ and 0++. The final result for the beta function to 
three loop using this procedure is: 

dR^{e~ 4C)i? + CuR' + [^(i?")' - R"{0)R"] + ^iR"')^{R" - R"{0)) ~ ^R"'{0+)^R" 

+_L(i?" „ i?"(0))2(i?"")2 + ^{R'")^ + - R"m{R"'fR"" (H28) 

_Ai?"'(0+)2(i?"')2 _ ^R"'(0+fR""(0+)R" - J-B!"{Q++fm"'f + LB!"{Q+ + fR""{Q+)B!' 

Thus if one sets the anomalous O"*""*" terms to zero one reproduces the beta function obtained from the three loop finite 
T R equation using the value of r^^^ (0) which cancels the super-cusp. Indeed the 0+"'" contribution has no supercusp 
by itself. Next, if one adds the O"*""*" and O"*" contributions, one still does not obtain the full correct answer, derived 
in the next Section. As explained there an additional term, called ai there, is set to zero here, see below for further 
explanations. 



3. Three loop beta function via W-ERG 



The simplest method to program in Mathematica, although quite memory consuming, is to use instead the W- 
functional. One uses the W-ERG equation (I109P on the moments, directly at T = 0. It has the symbolic form: 

^a„(5("+i))" (H29) 

with a„ = n/2, where in (..)" denote two derivatives and their arguments set e qual at the end, and symmetrization 
in n arguments is implicit. Similar notations were used in Appendix G of Ref. 1361 for a different calculation, using 
instead the F-ERG equations. We recall that t = m^^. 
One looks for a solution of the form: 

oo 

9=1 

oo 

n even (H31) 

oo 

^(n) ^^^2p+l^H[^] n odd (H32) 
p=0 
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The recursion relations read: 

k 

(2fc + l)5i")=a„(5i"+^V'-E^i-J'^^^'^] " odd (H33) 

9=1 

(2fc + 2)5i;\ = a„(^i"+^))"-X]^i;Lj^9^.^] " even (H34) 

9=1 

The notation 5p"^ [<5qi?, i?] just means that one performs the derivative dtS'^\R\ and replace each of the p resulting 
dtR factors by 5qR. These are what are usually called counterterms and here they appear automatically in the 
calculation. 

Each 5qR is called the g-loop contribution to the beta function and is homogeneous of order 0{R'^). The calculation 
of SiR, i.e. the one loop contribution to the beta function, can be performed as follows: 

4"*^ = 3[RR] (H35) 

S^'^ - asiS^o'^r (H36) 

SiR=islPy' (H37) 

To obtain S2R, the two loop contribution to the beta function, one needs some one loop counterterms, hence SiR. 
One does it as follows. 

S^^^ = 15[RRR] (H38) 
Si'^ = a,iS^^^)" (H39) 
25f ^ = a4So '>)" - S^'^\SiR, R) (H40) 
35f^ = 03(5^^)" - si'^\SiR,R) (H41) 

^2i?=(5fV (H42) 

Hence to a given number of loop, 9, one performs the gaussian (Wick) truncation on the 2g + 2 moment, and from 
there solves the RG equations for all lower moments. It exactly amounts to solve the FRG hierarchy to a given order 
in powers of i, as shown above. Note that to get S2R one could instead truncate the fifth moment into a product of 
the form S^^^R and use the one- loop formula to evaluate the third moment. One can check that it yields the same 
result. Note that it is convenient to to use R i.e. set i?"(0) = in the calculation, since this is the object which appear 
in the loop corrections, but then one should not forget when computing the beta function for R, and the related 
counterterms, to write dR = dR — aiu^ /2dR"{Q), with ai — 1. 

The result of this calculation, performed using Mathematica, reads to three loop, in the rescaled version, with 
fli = 1: 

dR = (e - 4C)i? + CuR' + [^(i?")' - R"{0)R"] + ^{R"T{R" - R"m - ii?"'(0+)2i?" 

+ - i?"(0))2(i?"")2 + ^(i?'")^ + - i?"(0))(i?"')'i?"" (H43) 

-^i?"'(0+)2(i?"')2 - i7?"'(0+)2i?""(0+)i?" 

While keeping arbitrary a\ yields changes only in the last line as: 

- i)i?"'(0+)2(i?"')' - + ^)i?"'(0+)27?""(0+)i?" 

and one can check that the result of the previous Section, Eq. (|H28p corresponds to setting ai = 0. This is not too 
surprising since they were derived from a T > procedure, where no non trivial counterterms to i?"(0) arises (i.e. 
ai = 0) if one justs set T = 0. One must indeed properly take into account the ensuing non analyticity of the function 
R{u), as is done here. The corresponding modification in the calculation of the previous Section does indeed lead to 
the correct value oi = 1 and the correct three loop beta function (jH43|l . 

Note that no ambiguity ever appear in this iterative procedure. That there should be no ambiguity in each equation 

(|H29[) is clear. The r.h.s. involves derivatives such that, e.g. for n — A, Qiioo(fi, i'2, W3, W4) — F{vx)F{v2)V{vz)V{vi)- 
Despite the presence of shocks, the product F{vi)F(v2) in any correlation involving forces or anything smoother at 
points distinct from vi , f 2 is a continuous function and the coinciding point limit vi — s- V2 can be taken unambiguously. 
This is further discussed in the text. What is less obvious is that this remains true order by order in the loop expansion. 
For iV = 1, we have checked explicitly that it does, up to four loop, but we believe it holds to all orders. 
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APPENDIX I: PROPERTIES OF THE FIXED POINT FUNCTIONS FOR THE SINAI LANDSCAPE 

1. asymptotics of R{v) 
The large v limit can be studied using the asymptotics (shown in Appendix of Ref.— ) : 

pOO 1 3 ("12 

B{x,zi,Z2)= / e?^Mz(2/ + zi)Az(y + Z2) « -^eft"t(-i+-^)-^^^ (II) 
Jo 2V7rx 

Inserting this approximation which becomes exact at large v yields: 

„(E) « -^e-^ ^ ^e^(^2-z0-^iz.-z, f I (12) 



which is always normalized to unity (the part with no shock decays rapidly at large v) and yields in the large v limit, 

-C30 27Ti Ai{z\y^ 



p{E) — j" e 4" since ^n'MTTY ~ ^' ""^^ '^^^ result of the Appendix of Ref.^*' for the integral: 



B{x,Zi,Z2)= I e^"Az(2/ + zi)Az(y + Z2) = Bi(a;,zi,Z2)(l- / ^2/^%^^^) (13) 

Bi(y,zi,z2) 







Bi(x,zi,Z2)-7r^e^-t(^^+^^)-^"^ (14) 
2\/Trx 



V 1 

g(y, zi,Z2) {^Ai{zi)Ai{z2) - -{Ai' {zi)Ai{z2) + Ai{zi)Ai' {Z2)) (15) 
+ ^{2Ai'{zi)Ai'iz2) - {zi + z2)Ai{zi)Ai{z2)) - A(^2 - ^i)(Ai'(zi)Ai(z2) - Ai{z^)Ai'{z2))] (16) 



This yields: 



2{R{Q) - R{v)) ^ — 7r-(2^^ + I?(^2-zi) )[— — 2-rT7-^(l- / ^1/^5-7 r) (17) 



vAi{zi)Ai(z2) 



27rj 7_oo 27rj 6^ Ai{zifAi{z2)^ Jv/{2a) Bi{y,zi,Z2)' 



where for large v only the 1 contributes yielding the formula given in the text. One can also show the alternative 
formula: 

n ^ ^^^^ 

2 1 dVe^^Ai{aV + iu + i^f)Ai{aV + iu-iy^'f) 



V 



Ai{iu + i^^)Ai{iu-i^^) Ai{iu + i^'^YAi(iu-i^^) 



2 



2. expansion at small v 

The distribution of rescaled energy can be written: 

p(,) = e-A'''-"^5(e-|)5(-£-^) (110) 

+ (a5)-^e-^"^-^4 f r ^H^e j^'^A^(Iy + zOA»(I^ + .2) 

^ ^ a 7 2^zy 27ri Ai{zifAi{z2Y 

(111) 



with e = E/v. We use the notations of the text. Hence one has: 
pi(e) = {ab) 



fdz^ /■rf^2 1 .1... 1 2 , 1 /0 dWM(W + z,)M{W + Z2) 

J 2t:iJ 2Tri Ai{zi)Aiiz2)^2b^ 4 a Ai{zi)Ai{z2) ^ 

2 idx^ /• dA2 1 » 1 , i /„°°diyA(iy + zbAi)A(iy + zbA2) 

' 27r 7 27r Ai(i6Ai)Ai(i6A2) ^2 4 a Ai{ib\i)Ai{ibX2) ^ 
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Thus: 

+a- 
= a 



4 



d\2 1 



dX2 1 . 1 dWAi{W + ih\2 + ihiJt)Ai{W + ibX2) 

27r Ai(i6A2 + ibn)Ai{ibX2) ^2^ ^ ^ a Ai(i6A2)Ai(i6A2 + ibi^) ^ 



4 J 27r Ai(i6A2 + ibiJL)Ai{ib\2) 

.2 / £^^2 1 

^ Ai(i6A2 + ibii/2)Ai{ib\2 - ibii/2) 



[i\2 



1 dWAi{W + ib\2 + t6At/2)y4i(W" + ib\2 - ibii/2) 
a Ai{ib\2 + ibiJL/2)Ai{ib\2 - ibiJi/2) 



d\o 



1 



4 f^J 2Tr Ai{ibX2 + ibiJ,/2)Ai{ibX2- ibi2/2) 
The function f{z) = Ai{z + z\)Ai[z + Z2) satisfies the differential equation: 



f""{z) - {Az + 2^1 + 2z2)f"{z) - 6f'{z) + {zi - Z2ff{z) = 



This yields: 



dzAi{z + zi)Ai{z + Z2) = 



f 

Jo 

POO 

/ dzAi{z + zif = ziAi{zif - Ai' {zi) 
Jo 



Ai{z2)Ai'{zi) - Ai{zi)Ai'{z2) 



Z2 - Zi 



Let us denote 



l^U-^-zr) Al{z2)Al'{zi)-Ai{zi)Al'iz2) 



a J 271% J 27ri 
1 f dzi f dz- 
2^1 



{Z2 - Zi)Ai{zifAi{z2f 



One finds: 



9ePii(e) = -2a b eg{e)g{-e) = -eg{e)g{-e) 

1 

Pio(e) = --g{e)g{-e) - -{g'{e)g{-e) + g{e)g'i-e)) 



4"' / 2 

Let us first check normalization J depi{e) = 0. We need to show: 



1 1 dee'gie)gi-e) = J deg'{e)g{-e) 



One has: 



dee^g{e)g{-e) = 



11 



fdX^ -ibX 



+ 2 



Ai'iibXy 



Aa^ J 2Tr' Ai{ibX)^ Ai{ibX)'^ ■ 
dX —ibX 



2n AiiibX)"^ 

These two quantity are indeed equal, from the identity: 

Ai'iz)^ 



3 / dz 



Ai{zY 



dz 



Ai{zf 



(112) 



(113) 
(114) 



(115) 

(116) 
(117) 

(118) 
(119) 

(120) 
(121) 

(122) 

(123) 
(124) 

(125) 



which can be checked by integration by part of Ai' (z)"^ /Ai{z)'^ = —5 J^{Ai' (z) / Ai{z)){l / Ai{z)'^)' . This implies the 
expansion and derivatives given in the text. 
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3. check of matching 



Writing: 



-ze/b_ 



Ai{z) 
Ai'jz) 
Ai{z) 



with J^= J dz/{2iTi). One finds: 



j dee^g{e)g{-e) = ^Ji 

j dee'g'{e)g{-e) = ^J^ 

j dudyg{-u)y^d{y)g{y + u) = ^ J3 

j dudyg{-u)y^d{y)g{y + u) = I 



with: 



Ji 
J2 



(tT^)"" = - 28^2 + 24/3 = -^/i 
Ai{z) Ai{z) 15 



= ( 



-L 



Ai{z) Ai{z) 



h - 2/2 = \h 



1 



where we have defined: 



h 



(- 



Ai{z) 



= 3/2 



zAz'izf 5 



AiJjzY 
Ai{zf 



(126) 
(127) 



the above relations being derived from considering the total derivatives (^57^^)', ( Ai{z)^ )^ ^"^^ ^ Ai^z)^ 
integrate to zero. 

The droplets predict: 

-ii'"(0+) = -^2 j dudyg{u)yH{y)g{y + u) = -^Js 

-i?"'(0+) = {\j dee*g{e)g{-e) - 3 j dee'g'{e)g{-e)) = ^(^i " 3J2) 

We can see that these results agree Ji — 3J2 = — J3 = — ^-'^i- The final result is: 



(128) 
(129) 
(130) 

(131) 

(132) 

(133) 

(134) 
(135) 

(136) 
(137) 
(138) 

' which 

(139) 
(140) 



(141) 
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4. calculation of A(m) 

Let us start from the formula given in the text. The first part gives, writing Fi = F — v/2, F2 = F + v/2 : 

/-|-oo 2 
^ dF{F^ - ^)g{F - l)g{-F - |)e-J^^ (142) 

= a-^e-A"' ^ ^e*^(^i+^^) ^- /"^°° dF(F^ - ^)e-'(^^->^'^^-^^^" (US) 

2^ 27r 27r ^ V i 2; M^(^feAl)^^(^6A2)' ^ 



Using the same trick as below it can also be written: 

n+00 j\ f+00 



27r 27r Ai{tbXiyAi{ibX2y 



The part with shocks is: 



.00 2n J_^ M Jo 

/■v+Fi-Fa 

X / due~^^'^~^^~^^ giA2(u+Fi-F2)gi(Ai-A2)u 

Jo 

To compute A the best is to go back directly to: 



^^^_^^_^^,^.^^^^^^^_^^^^.^^^_^^^^ A^(aF + ^bAl)A^(ay + ^bA2) 

Ai{ibXi)Ai{ibX2) 



AiiibXi^ Ai{ibX2)^ 
Putting everything together one finds the formula given in the text. 



j dFidF2gs{Fi,F2,v) ^ J duidu2dule-is^''-^'^<-^^'^^ (147) 

/•OO 

X / dVe^''^{vi-ui)g{vi-ui)h{ul-ui,Vi)h{u2-ul,V){v2-U2)g{u2-V2) 
Jo 

//•OO 
dwe-^"^-^^"^-^^^ J dVe^''^'iP{w,V)iP(v-w,V) (148) 

(put bounds) where we have defined: 

u T.^ X/ M,/ r+°° dX i^^bAi'{ibX)Ai{aV + ibX) 

with = < - One has ug{u) = - f e-^«Mgi^ 

J J_oo 27r J_^ 27r 

/■°° 1 „y y4^^(^6Al) A(ay + ibXi) Ai'{ibX2)Ai{aV + ^6A2) 
^ Jo Ai(i6Ai)3 ^i(i6A2)3 

= -62„-2g-A«^ ^ /"""^ ^2Vi^-V2e-^^+^^(^^+^=) (151) 

,rr l„vA^'{^bXl)Ai(aV + ibXi) Ai'(ibX2)Ai(aV + ibX2) 
X / dVe^ ^ — ^ ^ — ^ 



82 



APPENDIX J: SHORT RANGE RANDOM POTENTIAL AND KIDA BURGERS TURBULENCE 



Consider the d — toy model 

777 

HvA^) = —i^-y? + vi^) (Ji) 

where V{u) has short range correlations. This is the problem studied, in the context of Burgers turbulence, by Kidai^ 
and is by now standard. A nice calculation using replica, and interpretation in terms of extremal statistics was given 
ir^. The calculation of the one point function below is a slight generalization of the one in Reff§^. We recall it 
here and extend to the two point function and calculation of R{u) for this problem. We also derive the logarithmic 
corrections for disorder distributions which fall in the Gumbel class. One method to define the model in the continuum 
is via a Poisson point process. See refs.^^ for the solution in that case. We also use below some of the arguments 
given there. 

Here we will rather discretize u to integers and consider the small m limit where a continuum limit exists. We 
consider that V{u) are i.i.d random variables and call Po{V) the on site probability distribution and define: 

.v 

P<{V)^ Po{W)dW = e-^^^'^ (J2) 

J — OO 

and P>(x) = J^^ Po{V)dV 1 - P<(a;). The minima statistics are controlled by the tail of P{V) for small V. We 
treat here all cases in the so-called Gumbel class, and give explicit application to the case A{V) — B\V\'^ — InC for 
large negative V, the subcase 6 = 1 being P{V) = BCe^^ as F — > —oo. 



a. one point function 

Let us first consider the problem for T = 0, i.e. the inviscid limit i> = and define V{v) = min„ Hy^y(u). Consider 
first the distribution of the absolute minimum. It is equivalent to study v = 0. Then the probability P(ui, Vi) that 

2 o 

the absolute minimum is at ui with energy H = Ei = + Vi is given by: 

1 r 2 2 

P{u,,V,) = P{V{) n P>(Fi + -m\u\ - u^)) « P{V^)cM-J duP^V, + ^uf ~ ^u^)) (J3) 

= -A'(Vi)e-^^^'^eM- /dule-^(^i + 3'^?-5«')) (J4) 

J m 

assuming ln(l — P<) w — P< which can be checked a posteriori to hold for the bulk of the resulting distribution. We 
have defined ui = ui/m and u = u/m. In the limit m — s- the bulk of the probability is around Vi = V™" such that: 

g_A(v"")^^ , A{V"')=\n{l/m) (J5) 

hence = — (ln(l/TO)/i?)^/''. Expanding /l(Vi) around V"^ to linear order, defining a,„ = —A'{V™') and performing 
the gaussian integral over u one finds: 

P{ui,Vi) « ma„e'^"(^^-^'")exp(-e''"(^i-^'"+^"?)+5i"(2Va™)) (j6) 

with am w 5\n{l/m)/\V"'\ = Slnil/mf^^ B^/^ . Hence one finds that the dependence in energy is of Gumbell type 
from extremal statistics of short range correlated variables, while the one point distribution for the minimum, obtained 
by integration over Vi is a simple Gaussian (in a rescaled sense as m ^ 0): 



P(ui) « y!Z!^e-i™'-™"? (J7) 

hence ui ~ 5^^^'^ B^in^^ihi^)^^ . This corresponds to C = 1 with logarithmic corrections. This is also the one 
point distribution of the Burgers velocity field since u{x) ^ F{v) = (u — u{v)/t has the same distribution as —ui/t 
with t = TO~^. From this we get the kinetic energy: 

E{t) = ^ < ul >p= ^ = 2-'/'6-'B^t-\lnt)'^ (J8) 
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and one finds E{t) ~ l/(t(lni)^/^) for the gaussian case S = 2. 

It is also interesting to note that the joint distribution of the renormaUzed potential E — V{0) — Vi + ^m^ul and 
its derivative, the force F = V'{0) = —m?ux, at the same point is juste the product: 

P{E,F)^Q,{E-VnQf{F) (J9) 
Qe{E) = a^e'^"^ exp(-e'^'"^) (JIO) 

= <■>"' 

of a Gumbel by a Gaussian, hence that these two variables are statistically independent. 

h. two point function 

Let us now consider the two point probability Pl°*'^^{ui^ Vi,U2, V2). It has two contributions: 

Pv°%,{ui,Vl,U2,V2) = Siu2 - Ui)S{V2 - Vl)P.,.^„{ui,Vl) + P,,.^^„{ui,Vl,U2,V2) (J12) 

according to whether there are no shock, or at least one shock in the interval [ui,U2]- We start with the second 
contribution, i.e. we assume that there are shocks. Then one wants the two conditions to be simultaneously fulfilled: 

? 2 

V{u) > + —(^1 ~ "^i)^ ~ '^1)^ 1 equality in ui (J13) 

7n Tit 

V{u) >V2 + —{u2- V2)'^ - —{u-V2)'^ , equality in U2 (J14) 
One defines the intersection of the two parabola (the construction is similar to Section HV D 3p : 

* "1+^2 1 , r ^2^^ ^1 + V2 E21 , . 

U = (F21 + ^((W2-W2) -(Ml-l'l) )) = 7. 2 (J15) 

One must have ui < u* < U2, hence the energy difference £^21 ~ Viv2) — ^(^i) must satisfy — ^W2i + f2 — ^2 < < 
^1)21 + f 1 — ui. This is assuming there are shocks in the interval [vi, W2]. The case ui ~ u* < U2 corresponds to one 
shock in the interval at w = W2. When there are shocks between the points then: 

P,„„,(ui,yi,«2, V^2) « A'(T/i)e^(^^)A'(t/2)e^(^^' (J16) 
xexpf- /" ^^e^^l^i+K'ii-^O'-K"-**!)") _ '^(.-A{V2+^(u2~v^f-^(ii-i2?)^ 

-00 J u* 

As above we have defined Ui — mui and Vi — mvi. Since u* depends only on V21 = V2 — Vi one can integrate over 
(Vi + V2)/2-V"' which gives: 

2 

P (u u V ) ^ f J17) 

This yields the joint distribution, where we have restored the mass dependence: 

PvuV2{ui,U2,E2i) = m'^a'^ (ma,\/2(ui - Wi), 7710^^(^2 - ^2), am£^2i) (J18) 

where $(?«) = e™^/^ dze^^^^^ = f^°° dze^^^^^^"^^ which satisfies = 1 + w$(w). 
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The case with no shock corresponds to ui = u* = U2- Prom the above we get: 

Pvr,v2iui,Vi) ~ ma„e»'"(^i-^'") (J19) 

-oo J Ui 

Through integration over the GumbeU function of V\ we get: 

Pvuv2{ui) = mall'^p^^^^^u2{ma]l'^{ui - t;i),ma^^(ui - V2)) (J20) 
Pv{wi,W2) = —, — r (J21) 

Adding the two contributions, and setting for now am and m to unity (to be restored below) we find the joint 
distribution for the energy difference E = V{v2) — V{vi), and the forces Fj = F{vi) = V'{vi) = 'm?{vi — Ui), i = 1,2, 
with V = V2 — Vi, as: 

P{F„F2,E) = SiF2 iP^+-mE-liF,+F2))^^-^ry^^^ (J22) 

1 /2 1 /2 

To restore m dependence one replaces Fi am Fi/m, E ^ a,mE and v — > vmam , and correcting as needed for the 
probability measure to remain normalized to one. 

The two point distribution of the forces is obtained by integration over E: 

P(FuF2)=S(F^-^F,+v))^^-^J^^^ (J24) 

it also yields the two point distribution for Burgers turbulence through the replacement: 

Fi ^ a\'^t^/\{xi) (J26) 
V ayh-^/^{x2 - xi) (J27) 

with at = «TO=i/v^- Hence the internal scale is ~ {t/atY^'^. Since the width of a shock is ~ Tt/u2i ^ Tt/^t/atY^"^ 

the dimcnsionless ratio is Tat ^ T(lnf)^~^. Note that for i5 < 1 temperature is in effect irrelevant. The case 5 = 1 is 
related to the REM. 

To compute R{u) we instead integrate over Fi and F2 gives (being careful with the jacobian factor in the first 
term) and obtain the distribution of scaled energy difference e = E/v: 

PU)^ I a>(|-e)^(|+e) 

$(f-.)+$(f + .)+"[<l>(f-e)+$(| + e)F ^'^^^ 

[^(f-)+$(f+e)F ^) ^'^'^ 

i>(- + e) 

Hie, v) = ^ (J30) 

^ ^ $(|-e)+$(|+e) ^ ^ 

using that w^{w) = $'(w) — 1. Since ^{w) ~ —1/w vanishes as w ^ —00 and diverges at V^ne^^^^ for w —00, 
one has H{—oo) = and H{+oo) = 1 hence P(e) is correctly normalized. We now obtain: 



2 -3 + 0.0272494v^-0.00114373t;^ + O(u'') (J32) 



2 SyTT 
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where integration by parts and symmetries have been used. One shows, using symmetries and the differential equation 
for that the integrand can be rewritten: 

eHi-e.^ V) ^ -d. In ($(| - .) + + .)) + + .) + _ | ^ (J33) 

where the hnear term exactly cancels the bevavior of the first term at e — > +00. In the end one shows that: 

.+00 ^ 

-R'(v) = 2v / de—. r -. (J34) 

= v- v^/V^ + 0.108998w3 - 0.00571863w^ + 0{v^) (J35) 



which leads to Kida result for the two point force correlator, i.e. the velocity correlator A{u) = —R"{u). Here we 
have obtained also i?(0) since i?(oo = 0) = one gets for large v: 

RiO) = hm 2v^ / dee-—^ - - (J36) 

Restoring all m factors one sees that 

R{v) = a;;^^Rs{^/a^mv) (J37) 

where the scaled R, noted here Rs{v) is given by formula (|J3ip . It should in principle satisfy the FRG equation with 
C — 1 (and 9 = 0) to leading order in m ^ 0. Note that it should be the short range solution for this value of (, while 
the long range one (with the same value of C) corresponds to logarithmic disorder and was studied in Appendix IB 21 
As a result the force correlator satisfies: 

/"OO 

A{v)dv (J38) 

and indeed one can see in Figure 10 or Ref^^ what was probably (unknowingly) the first FRG fixed point correlator 
(before the FRG was invented) with a nice cusp, and is reminiscent of the results for manifolds in random bond 
disorder measured recently in^*. 

Consider now the small v limit of the part of the two point force probability which contains at least one shock 
(setting t to unity), from formula (jJ24[) one obtains: 

Pshock{Fi,F2) » ve-^^^"+^"^Fi - F2)e{Fi - F2) (J39) 

Since as u — > one can safely assume that there will be only one shock in the interval one finds that the joint 
distribution of shock sizes s = u{v^) — u{v~) = Fi — F2 > (for t = 1) and positions u = ■^{u{v+) + u{v~)) is simply: 

P(s,w) = -^e-"'/4e-("-")'(?(s) (J40) 

normalized to rmity, where w — u is the velocity of the shock in Burgers, and the center position of the droplet/shock, 
and the two variables s and u~ v are independent. From the droplet shock relation (j213p we find the droplet density 
distribution function: 

D{y) = :r^e-^^/4 (j41) 

normalized by y^D{y) = 2. 

We will refrain from giving here results for the other classes of disorder (Weibul and Frechet) but these are easily 
analyzed along the same lines. For the depinning this was done very recently ii^. 

APPENDIX K: TWO- WELL DROPLET CALCULATION IN HIGHER DIMENSION 

We start from: 

V[M] - V[{v^ - 0}] - i^ff^^-^^^ - rin(pXi + il-p)X2) (Kl) 

xy 

X, = e^-*^^^!'^-*"''''^ (K2) 
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with p = 1/(1 + w). As before calculation is simpler if one considers the force: 

-^[^U = ^ = 9XV [TVy - {Uy)) 



1. U^,yXi+U2,yX2W 



One defines the moments: 



Sx,:.x^ = H^l]x^-HVn]x^ = 5x1^1 ••5x„^„Cnbl. ■■Vn]z^,..z^ (K4) 

n 

6„[wi, ..i;„Jxi,..i;„ = \ (K5) 



1=1 



(K6) 

i 

with = Xi^i/X2,i. The calculation is similar to Appendix [Gl The result is: 



1 " 1 

+(-ir-^n(-i-. -^-.T3-(W))]^'-^ (K9) 

where = ui^^ — U2.x and (Kg^^u) = '^^yY^g^yVy. The two symmetries used are Ui^x —Ui^x and 
The highest order term is: 

A^^^^'^K]. = ^T{Yx,..Yx,^ Y.(Yg-\)F^[iYg'\,)])u,,Y (KIO) 

1=1 

where the function Fn was given in (|G25p . For the second and third moments we obtain the result given in the text. 

APPENDIX L: STS AND ERG IDENTITIES FOR CORRELATIONS IN HIGHER d AND DROPLETS 

1. functional form of STS and ERG identities 

The general STS identity is: 

^E(^)-5-E(oM-P (Li) 

c c / 

Specializing to observables 0[u\ depending only on a single replica one finds: 



In the zero T limit it yields: 



T^(^) = 9xymu]uy) {0[u]){uy)) (L2) 

^~J~^Pl^i] = dxyiiuix - U2x)0[ui])d[u^.U2] (L3) 

which yields the functional equation given in the text. Similarly the ERG equation is: 

d{0[u]) = J2(^^'99''uf )0[u]) (L4) 

Specializing to g independent observables depending on a single replica one gets the functional equation given in the 
text. 
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2. droplet calculation of correlation functions 

In the case of independent well separated droplets one evaluates the thermal and disorder averages as follows. The 
mean of any observable is: 

A{ui) + WiA{ui + 4i ) + WiWjA{ui + 4i + ^i"*) + •• 

Since any disorder average containing more than one distinct Wi will be higher order in T upon computing the above 
average one finds: 



{0[u]u) - {0[u]){u) = ^ - 0{4^){m - uf) + 0{T 

\L -\- Wi) 



(L6) 



We now define uix = Ux — \iJ^, U2x = Ux + ^u"^, then one has {ux) = Ux + {\ — p)u^. Only correlations with an 
even number of u and an even number of U21 are non zero and satisfy the symmetries. This yields for the two point 
functions: 

Gxy = {uixUly) - - X](4lx4lj/) (L7) 

i 

Gxy = {uixUly) (L8) 

We now want to compute the four point functions. We need to relate R'xyzA^] and QiyltP] to droplets since all 
correlations can be obtained from them. We will also check the consistency, i.e. that, as for d = all three STS 

relations amount to one droplet identity, and similarly that the two ERG relations yield only one droplet identity. The 
only four point correlation which are non zero in the droplet calculation are {uxUyU2izU2it) and (w2ix^^2ij/W2izW2it)- 
We now show that they are related: 

Consider the identity (from the above): 

- (w>>>f ) = {{uxUy) - {ux){uy)){uz){ut) = TgxyGzt (L9) 

Let us compute within droplets: 



{{UxUy) - {Ux){Uy)){Uz){ut) - Tp{l - p){U21xU21yUzUt) + Tp{l - p){^ - p)^ {U21xU21yU21zU21t) (LIO) 



This yields the relation: 



{u21xU21yUzUt) + -^{u21xU21yU21zU2u) = ^QxyGzt (LH) 



the right hand side being presumably the disconnected part of the first correlation on the l.h.s. 
The droplet calculation of correlations yields: 
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{ulululuD = {ui^UxyUx^uit) (L12) 

{ulUyUlu\) = {uixUiyUizUlt) - {u21xU21yU21zU21t) (L13) 
-lTi{u2MU21.U2^y) + {u2MU21.U21y) + {u2.yU2UU2,.U2..)) 

= {uixUiyUizUit) — TgztGxy — TgytGxz — Tg^tGyz 

{u°;.UyU\u\) = (uixUiyUizUit) - ^T{{u21yU21zU21xU21t} (L14) 
+ {u21xU21zU21yU21t) + {u21yU21tU21xU21z) + {u21xU21tU21yU21z)) 

= {uixUlyUizUit) + -T {u21xU21yU21zU21t) - T{gyzGxt + gxzGyt + gytGxz + gxtGyz) 

{u°j.Uyu\u1) = (uixUiyUizUit) - -T{u2ixU2iyU2izU2it) - -T {{u2iyU2izUtUx) + 4perni) (LIS) 

= {uixUlyUlzUltj - -T{u21xU21yU21zU21t) - -zT {{u21yU21zUtUx) + Sperm) - {u21xU21yUzUt) 
o z 

= {uixUiyUizUit) + -^T {u2ixU2iyU2izU2it) " T{gxyGzt + Sperm) + TgxyGzt 



{u'^UyUlu'}) = (uixUiyUizUit) ~ -T(u2ixU2iyU2izU2it) - -jT {{u2ixU2iyU zUt) + Sperm) (L16) 
= {uixUiyUizUit) + -^T {u2ixU2iyU2izU2it) " T{gxyGzt + Sperm) 

where in the last steps we use the above equahty. Thus everything is consistent with: 

9xx'9yy'9zz'9tt'TR'^7y,^,t,[0] = -^{u21xU21yU21zU21t) (L17) 
9xx'9yy'9zz'9u' {Ql^^K't' M " T'^ R'x'y' z't' W) = {uixUiyUizUu) c (L18) 

(L19) 

and we must check whether these identities are compatible with our result for these cumulants. Finally the ERG 
equation yields, using the above: 

dGzt = j^{iu2idg~^U2i)u2izU2it) - dg^}y,{gx'zGy't + gx'tGy>z) (L20) 
consistent with the equations given in the text. 



APPENDIX M: ONE LOOP ERG USING MULTILOCAL EXPANSION 

The multilocal expansion was studied in Ref.^'^'^^. Let us just indicate here the rules for derivatives and fix notations. 

1. multilocal expansion and derivatives 

One writes: 

R[v]^ f R{vx) + ^ I R{vx,Vy,x-y) + ^ j R{vx,Vy,Vz, x,y, z) + .. (Ml) 

J X -J xy ^ J xyz 
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up to trilocal part. At this stage we do not try to define these components unambiguously, apart from the local part 
which has been defined in the text. The resuhs for the derivatives are: 



Jy ^ Jyz 

R'xyM = R"i'"x)Sxy + Rn{Vx,Vy,X - y) + 6^y / R2o{Vx,V;„X- Z)+ / Rno{Vx,Vy,V:,,X,y,z) 

J z J z 



(M2) 
(M3) 



+ \^xy [ R200iVx, Vz,Vt,X,Z,t) 



2 

^xyzM = R"'{Vx)Sxyz + SxzR2l{Vx, Vy,X-y) + SyzRl2{Vx , Vy , X - y) + SxyR2l{Vx,Vz, X - z) (M4) 

+Sxyz R3o{vx,vt,x -t) + Rni{vx,Vy,Vz,x,y,z) + Sxz R2w{vx,Vy,vt,x,y,t) + dyz Ri2oivx,Vy,vt,x,y,t) 
Jt Jt Jt 

+Sxy [ R2w{Vx,Vz,Vt,X,Z,t) + ^Sxyz [ RiQo{Vx, V z, Vt, X, Z ,t) 
Jl ^ Jzt 

and so on. For the third moment one has: 

S[V123]= I S{vi23x) + ^ [ S{vi23x,Vl23y,X-y) + .. (M5) 
Sl°°[vi23] = S'ioo(?^123x) + / 'S'l00;000('yi23a:, Vl23y, X - y) + .. (M6) 

Jy 

Sll'^[vi23] = SnQ{vi23x)Sxy + Sl00;01Q{vi23x,Vl23y,X - y) + Sxy / SnQ.fiOQ{vi23x,Vl23z, X - z) (M7) 

J z 

and so on. Note that for uniform configurations: 

R[v]U^=y = L'^R{v) (MS) 

Rxy[v]\v^=v = SxyR"{v) + Rii{v,v,x- y) (M9) 

Rxyz[v\\v.^=v = 5xyzR"'{v) + {5xyRll{v,V,Z - x) + 2p.c.) + Riii{v ,V ,V , X ,y , z) (MIO) 
Rxyzt\v]\v^=v = 6xyztR""{v) + {5xyzR3l{v ,V ,t - x) + 3p.C.) + {6xy5 ztR22{v ,V ,t - x) + 2p.C.) (Mil) 

+ {6xyR2ii{v,v,v,x,z,t) + 5p.c.) + Rnn{v,v,v,v,x,y,z,t) 

2. one loop analysis using multilocal expansion 

Let us apply the first W-ERG and F-ERG equations to a uniform v. One finds the exact equations: 

dR{v)=Tdgx=oR"{v)+T j dgxRii{v,v,x) + dgx=oSno{0,0,v) + j %^5ioo;0io(0, 0, v; 0, 0, v; a;) (M12) 

J X J X 

and 

dR{v) = Tdgx=oR"iv) + [ dgxgx^"{vf + dgx=oSno{0, 0, v) (M13) 

J X 

+r / dgxRii{v,v,x) -\- / 5c/a:'S'ioo;oio(0,0,^;;0,0,^;;x) 

J X J X 

+2/ dgygxyRii{v,v,-x)R"{v)+ I dgzgxy^n{v,v,x - z)Rn{v,v,y) 

J xy J xyz 

In the TBL regime these equations are, by construction, exactly obeyed by the droplet solution described in the text. 

R"{v) = Tm" [ {u2wU2ixF2{i I U2iz)) (M14) 

J X J Z 

Rll{v,V,x) = T{{W? - Vlf{U2WU2lxF2{v I U21z)) - 5{x)m'^ I {U2WU21yF2{v I U21z))) (M15) 

J z Jy J z 

5iio(0,0,v) = T^m^ j {u2wU2ixG3{v j U2iz)) (M16) 

J X J Z 

Sioo-fiw{Q,Q,v]Q,Q,v-,x) = T'^{{m'^ - Vlf{u2wU2ixG3{v j U2u) - 5{x)m^ / {u2wU2iyG3{v j U2u)))(M17) 

Jz Jy J z 
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Let us now obtain a RG equation for the bilocal part. The simplest, unambiguous way to proceed is to obtain the 
flow of Rii(v, V, x). One starts from the exact equation: 

dR^y [v] = Tdg^tKy.t M + dg.z' Sl'J.y [0, 0, v] (M18) 
= Tdg^tR'Zy [v] + ^dg.z'gw (K'Ly [v] Kv \v\ + Kt. \v\ Kt'y [v]) + dg.z'S^^l^y [0, 0, v\ (M19) 



We now take a uniform configuration and use formula such as (jM8[) to express the flow in terms of the multifocal 
components. In the resulting exact equation, we now get rid of the explicit b^y parts (which yield the FRG equation 
for the local part) using a projector (1 — P) which projects out the local part: 



dRxx{v,v,x- y) = (1 - P)\lTdgx=QR-i\(v,v,x- y) + 2TdgxyRi2{v-,v,x - y) + AT J dgxtR2ii{v,v,v,x,y,t) 
+4 / dgzg-;:R"{v)R3i{v,v,x - y) + A / dgxzgzyR"iv)R22{v,v,x - y) + 8 / dgxzgzt^" {v)R2ii{v,v,v,x,y,t) 

J z J z J zt 

+4 / dg^^^g^t^iiiv.v.z - t)R^i{v,v,x - y) + A I dg^^gytRuiv.v.z - t)R22(v,v,x - y) 

J zt J zt 

+8 / dgr,,,gtt'Rii{v,v,z' -t'))R2ii{v,v,v,x,y,t) + 2dg^yg,yR!"{vf (M20) 



+AdgxygxzR"' {v)Rii{v, v,z-y) + Adg^zyxyR'" {v)Rii{v, v,z-y)+ Adg^zgxzR'" {v)Rii{v, v,y - z) 
+4 / dgxzgxtR'"{v)Riii{v,v,y,z,t) + 2 / dgzz'gtt'Riii{v,v,v,x, z,t)Riii{v,v,v,y, z' ,t') 

J zt Jztz't' 

+2 / {d{gxygzt) + 2d(gyzgzt) + 2dgxtgyz + dgztgzt)Rii{v, v,x- z)Rii{v, v,y-t) 

J zt 

+4 / {dgxz'gzt + dgzz'gxt + dgzz'gzt)Rii{v,v,x - z)Riii{v,v,y,z ,t') + dg^z' Sl^J^y[Q,Q,v\\ 

J zz't 

where symmetrization w.r.t. xy is often implicit, and one should project out the local part, as is indicated by the 
projector 1 — P. We have not decomposed the third cumulant up to its tri-local part as it should appear. This 
equation is exact, and the droplet solution thus obeys it automatically all through the TBL. 

Applying the e expansion counting, one finds that the equation reduces to its T = limit and to lowest order 
reduces to: 

dRii{v, V, x) = 2{dgxgx - 5{x) j dgygy)R"'{vf (M21) 
The discussion of this result was given in the text. 

APPENDIX N: W-ERG 

To one loop we need: 

dR[v]^dg,,,Sll?[0,0,v] (Nl) 
dS[v,23] = lsym,,,dgxyQll'>ii23] (N2) 

We write the cumulant truncation: 

Qbl234] = R[V12]R[V34] + R[V13]R[V24\ + R[vi4]R[v23] (N3) 
Qir[vi23i] = ^Ky[vi2]R[v3i] + R'x[vi3]R'y[v24] + R'x[vm]R'y[v23] (N4) 

Hence cumulant truncation+weak (resp strong) continuity of R'^y[vi2] implies weak (resp strong) continuity of Q to 
one loop with the result: 

dgxyQll°°[vii23] = 2dgxyR'M2]Ry[vi3] (N5) 
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up to the gauge term —R'^y[0]R[v23]. Hence: 

dS[vi23] = dg,y{R'Jvi2]Ry[vi3] + K[v2i] R'y [V23] + K[v3i]Ry^V32]) (N6) 
To this order it integrates into: 

S[V123] - gM[yi2]Ry[vi3] + K[v2l]R'y[v23] + K[v3l]Ry[v32]) (N7) 

since dR is higher order. Let us now evaluate: 

Sir[vi23] - g.y{R7Jvi2]iR'y[v23] - Ry[vi3]) - Kt{vi2]RU^13] " i?L hi] i^^'t hs] + KzivZlKM)) (N8) 

Assuming that: 

lun g,y{R';^'Jv,2]{R'y[v23] - Ry[vi3]) = (N9) 
then one obtains the equations in the text. One has then strong/weak continuity for S if R satisfies the same. 



On can rewrite: 



APPENDIX O: DETAILS OF TWO LOOP T-ERG CALCULATION IN e EXPANSION 

Let us denote M12 = ^yr[vi2] and rewrite Eq. (|470p in the text as: 

5^23] = \a (01) 

A = tr[gAh2gMi2{gMi3 + 5M23)] + tr[gM23gM23{gMi2 + ^Afia)] (02) 
+tr[gMi3gMi3{gMi2 + 5M23)] - 2tr[gMi2gM23gMi3] (03) 

A = Ai + A2 + A3 (04) 
Ai = tr[gMi2gMi2igMi3 + 5^23)] (05) 
A2 = tr[gMi2g{Mi3 - ^23)5(^13 - M23)] (06) 

A3 = ^tr[g{Mi3 + M23)5(Mi3 + M23)g{Mi3 + M23)] (07) 

up to gauge terms, where we have used cychc properties of the trace, as well as identity under transposition and 
that all matrices are symmetric. The second term is of order wfj- To perform the expansion in the last term we 
use symmetric expansion of a three replica functional as explained in Appendix of^^ . Let /[fi3,W23] the symmetric 
functional. One can either expand: 

f[vi3,Vl3 - V12] ^ f[vi3,Vl3] - ^^12a;/°M^^13,Wl3] + 7;'"l2xVl2y f°y[vi3, V13] + 0(^12) (08) 



2 

f[v23 + Wl2,'y23] = 7^23, ^'23] + «12x/^'' ["23 , "23] + -T^^UxVUy fxy[v23, V23] + O(t'L) (09) 



2 



1 



= f[v23,V23] +Vl2x{fx°[vi3,Vl3] - Vi2y{f^l[vi3, V13] + f^l[vi3, V13]) + -Vl2xVl2yf^l[vi3, V13] +0(^12) (OlO) 

performing the half sum and discarding the zcro-th order terms which are gauge, one gets: 

f[vi3,V23] = -l:Vl2xVl2yf^l[vi3,Vl3] +0(t;?2) (OH) 



We obtain: 



The first term gives: 



A3 = -2vi2xVi2ytr[gR':,'[vi3]gRy[vi3]gR"[vi3]] + Oivf2) (012) 



= 2tr[gR"[vi2]gR"[vi2]gR"[vi3]] + 0(«?2) (013) 
replacing R"j,[wi2] = SxyR{vi2x) it becomes: 

Ai =2 gxyR" {vi2y)gyzR" {vi2z)gzxR" {Vi3x) (014) 

J xyz 
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APPENDIX P: PERIODIC CASE AND MEAN FIELD LIMIT 

Here we give some partial results about two solvable cases. The random periodic class appears simpler in any d, 

and in d = it is useful as it provides an exact solution of the FRG hierarchy. It then raises questions about shocks 
which can be answered in another solvable limit, large d or the fully connected model. 

1. random periodic cleiss in d = 

Consider in d = 0, for = 1, a random potential V{u) periodic of period one. Then V{v) is also periodic of 
period one. Consider the T = problem such that V{v) = mmu{V{u) + {u — v)"^ /{2t)). It is easy to compute 
the T = fixed point of the FRG in the limit t = — > oo. Denote ui the absolute minimum of V{u) on a 
period, say —1/2 < mi < 1/2. Since for infinite t the curvature of the quadratic well goes to zero, ui{v) = ui for 
Ml — 1/2 < V < ui + 1/2, ui{v) = ui + 1 for ui + 1/2 < v < ui + 3/2 etc.. Hence there is a single shock in the unit cell 
[0, 1[, at position < Vg = ui + 1/2 < 1, and on the real axis there is a periodic array of shocks at vi^^ = ui + (2i + l)/2. 
The force tF{v) = v — Ui{v) is then for < w < 1: 

tF{v) = V-Vs + ^ , V<Vs (PI) 

tF{v) =v-Vs-^ , v>Vs (P2) 

The velocity of the shock is zero, because of the constraint that the integral of the force over a period is zero. Note 
that this solution indeed satisfies dvF{v) = 0. 

Because of statistical translational invariance Ui is uniformly distributed in [—1/2, l/2[ and so is Vg in [0, 1[. One 
then obtains the second and third moments: 



-t'R"{v) = t'FiO)F{v) = dvsi^ - vg){v -vs- ^eiv - v,)) = ^ - ^ 



w(l - v) (P3) 



t^Sni{vi,V2, va) = -t^F{vi)F{v2)F{v3) = -{l + vi+V2- 2v3){l + 2vi - - V3){vi - 2v2 + V3) (P4) 

for < < 1 and for < Wi < Ua < U3 < 1, all other cases can be obtained by symmetry or periodicity. We can now 
compute the limits: 

t^Sin{0,0+,v) = ^v{l-2v){l-v) (P5) 

t^Sn2iO,0+,v) = ^-v{l-v) (P6) 



The first FRG equation reads: 



dtR"iv) = TR""{v) + 5ii2(0, 0, v) (P7) 



and one easily checks from the above that its T = version is obeyed (i.e. setting T = and replacing 6*112(0, 0, v) 
'S'ii2(0, 0+, ?;)). One also checks that (m^) = —R"{0)t^ — since for w = the minimum is necessarily in the interval 
[—1/2, l/2[ and essentially uniformly distributed (note that it crosses over to (w^) ~ tT at for large tT - see below). 

Expressions for higher moments become rapidly complicated, but some generating functions can be computed, e.g 
(setting t = 1): 

' W1 + W2 i y J 

with < V = V2 — Vi. 

Although we will not do it here in details, it is easy to study the case T > 0. A shock is broadened as: 

tF{v)=v-v,-^ taM^iv -vs)+ 0{Tt)) (P9) 

since M21 = 1, and one can redo the previous calculation using this form and get results consistent with the general 
ones obtained in the text for the shape of the TBL, speciahzing to a very simple droplet distribution D{y) = 5{\y\ — 1). 
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However, this form works only for tT ^ 1. Since temperature is relevant here (with C = ^-iid ^ = ~2) the shock 
width grows as Tt, while their spacing is unity, hence at large time they overlap. Exact solutions are easily written 
using the diffusion equation for Z — e^^/-^, one interesting example being the solution : 



n—oo 

V{v) = ^T\n V (PIO) 
V 2T:Tt 



n— — oo 



which represents a solution of decaying Burgers with an initial condition a periodic set of (zero temperature) shocks at 
locations Vs + n (this solution arised in the study of SLE on a cylinder—. Averaging over Vs yields a general solution at 
any T for the FRG hierarchy, which describes the flow away from the zero T fixed point when temperature is turned 
to a non zero value. Finally one can check directly on the T > solution that limT^o 'S'iii(0, 0, t;) = S'iii(0, 0+, w) 
the continuity property discussed in the text. 

Although the d = random periodic (RP) model may appear trivial, it is an interesting limit of the RP class in 
higher d. Apart from temperature becoming relevant for d < 2, we do not expect any bifurcation between d — A and 
rf = in the T = fixed point itself. Let us indeed compare with the result from the e = 4 — d expansion (to two 
loop) of Refi^: 

A{u) = m^^iYQ + M " ^6 + 9"^"^^ " + ^^''^^ ^^^^^ 

with eJ2 = 2(47r)^''/^r(3 — |). Note that from the shear fact that it contains only u(l — u) the universal number 
ri = aA"(0+)/|A'(0+)| = 2 and next, from the fact that it integrates to zero r2 = aA'(0+)/|A(0)| = 6 (where a 
is the lattice period, a = 1 here). Note that for depinning is changed into e^/108 and the universal number 

becomes r2 = 6 + 2e + O(e^) as the constraint that the integral of the force is zero is relaxed. Finally, there is a global 
amplitude, r = m^" / K"^/"^ , with r = 1/36 + e/54 in the e expansion, which comes not too far from the exact 
result r = 1/12 in d = 0. So we see that despite its simplicity, this model does not fare too badly as compared to 
d > 0. 



2. large d limit, fully connected model 

The model can be studied in the large d limit of a hypercubic lattice, as was done in the Appendix H2 of Ref.^^. Here 
we study a simpler, but closely related, fully connected model. It is simple enough to allow for easy understanding of 
the results obtained in Ref.— , seen here under a different perspective (the definition of the renormalized correlators 
is slightly different there). One starts from: 

Hv[{ui\, v] = Hv[{ui\, v^uo^^Y. (P12) 

i 

i i 

with N continuous variables u,;, i = 1, -.N. The first term can also be written ^ X]y (^i ~ '^i)'^ ■ Since uq is defined 
by a minimization condition on the first line, one has: 

Viv) = minu,Hv[{ui},v\ = minu,,uoHv[{ui},v,uo] (P14) 

Regrouping terms one easily sees that: 

V{v) = 7Vmin[l y V,{v' - !i±^!^) + ^ („„ _ vf] (P15) 

■i 

V, (v) = min[i±^ (u -v f + V, (u)] (P16) 

M Zt 

and note that the force is: 

F{v) ^V'{v) ^ N{v -ua)/t (P17) 

as can be checked comparing derivatives w.r.t. v and to uq of the first line. Hence we are back to a d = model 
for the center of mass uq, but it is feeling an effective disorder which is an average over a sum of a large number 
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N of independent random potentials W{v') = Hence it should be small and also almost gaussian in 

distribution. Note however that each of them has shocks if the parameter t/ (1 + 2Kt) > tj, corresponding to a Larkin 
scale, hence the correlator will have a cusp. For t ^ oo this corresponds to a critical Kc such that for K < Kc the 
system is in a strong disorder phase with a cusp, while for K > Kc there is no cusp in each layer. 
Since layers are uncorrelated the correlator of the effective force reads: 



R'wiv) = -W'iO)W'{v) = -R'Liv) (P18) 



where Riay{v) is the renormalized correlator of a d = model R'/^yiv) — — V"/(0)F/(w) assumed identical for any i 
(we have also assumed the Vi uncorrelated). Similarly the three point cumulant of W is related to 1/N'^S where 5^ 
is the three point correlator in each layer and we see that indeed the effect of higher correlators is reduced by the N 
counting. 

There are various behaviors in this model depending on the way one scales the parameters. The simplest one is to 
keep t and K fixed and N ^ oo first. Then since disorder is reduced one has uq — v and V{v) — W{v) and (|P18[) 
gives the final result R{v) = Rw{v). In the cusp phase of each layer, the resulting potential of the full system V will 
exhibit many independent shocks. For the random periodic class then one can then use the result (|P3p for Riay On 
the other hand one could consider t — > oo at fixed and K. Then it K > Kc although there are no shocks in each 
layer, there are shocks from the center of mass uo{v) since the curvature of the term uq — v in (jPlsp goes to zero. 
These are global shocks quite different from the local shocks which occur independently in each layer in the other limit. 
In general both occur, with an interesting scaling behaviour as a function of N/t^ . 



3. periodic case, many shocks 



Let us close on a remark about the form of the correlator ubiquitously found for the random periodic class in the e 
expansion and in recent numerics^^ in c? = 3, 2, i.e. A"(t;) independent of v {v not integer). Consider n shocks in the 
interval ]0, 1]: 

n 

F{v) = Y,{v-Ui)9{v,<v <v,+i) (P19) 

i=0 

with vq = 0, I'n+i = 1 and the condition u„ = uq + 1, so that F{0) ~ F{1). We set t = 1. Then one has for 
0<v^v' <1 

n 

F'{v)F'{v') = -1+ ^ a,aj5{v - v,)5{v' - Vj) (P20) 



with Ui — Ui-i — Ui, hence X]"=i '^i — 1 ^^'^ have used that F'{v) — 0. For v ^ v' the term i = i can be discarded 
since it produces only a b function. For two shocks it yields: 



F'(v)F'{v') = -1 + 2 y - a)P(a, v ~ v') (P21) 

where P(a^v\,V2) = P(a^v\ — V2) is the probability of shock positions and amplitude. It can only depend on the 
difference from translational invariance. The form —R"{v) — A(u) ~ v{\ — v) (periodized on the real axis) thus can 
only occur if the shock distance distribution is uniform i.e independently located shocks. In that case the number: 

F'{v)F'{v') = -1 + 2a(l - a) = -2^ (P22) 

by symmetry. This is more general one has for n independent shocks: 

n 

F'{y)F'{v') -1+ ^ 0707= (P23) 

i=jtj = l i 

Hence /S."{v) ~ noi^ and we recall that a — 1/n. This model can be generalized in various ways, such as n not fixed, 
but it illustrates simply what features of the shock distribution lead to the usual form of the random periodic fixed 
point. 
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i.e. such that the set of vertices cannot be disconnected 
by cutting a line 

where e can be scaled away setting ( = ei^i and R — eR\ 
technically replica symmetry is assumed here. This can be 
enforced by restricting to a system with a finite number 
of degree of freedom, and use continuous distributions of 
disorder to avoid exact degeneracies. It turns out that 
the formalism and results of this Section can be extended 
to situations with spontaneous replica symmetry^. The 
reason is that replica symmetry is broken explicitly when 

defining the effective action 

note that the constants r[0] = W[0] = p\nZ{Q) are pro- 
portional to p and to the quenched free energy and play 
little role in the following 

if necessary, assuming also a finite number of degree of 
freedom 

note that in the replica formulation T appears in all for- 
mula, even if in the end some observables have a well 
defined T = limit. It is not too surprising since an in- 
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it is not clear whether there are, if yes it would be inter- 
esting to find its probability measure. 

2 

for arbitrary p one has Tab = ASab + B with A = -|- 
pi?"(0) and B = -R"{0), and Gab = \Sab + ^{: 
A too naive p = 0, T = limit 



1 



1 



p'-A+pB A' 

seems to fail: 
keeping only the contribution of the absolute minimum 
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111, and its distribution P{ui), would yield Z{j) = 
f duiP(tti)e"iS„ia -pijg LT condition then yield Ua = 



)p, independent of a. Eval- 
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uating r[tt" = u] formally as the LT of W{j = J2^ja) 
gives r[u" = It] = u^/(2u2) + X^„>3 c„w" where c„ are 
some combinations of connected correlations. However F 
should contain 1/T" factors, and there are none to be 
found here. Presumably this Legendre transform is ill- 
defined as hinted by the fact that it cannot be evaluated 
away from the point u"^ — u. 

Using the Legendre Transform presented in Appendix ID] 
it relies on Va{u — 0) = which is a consequence of 
R'{0) = 0, 5'(0,0,0) — etc.. always true at non zero 
T (at T = it is equivalent to the absence of super-cusp), 
a finite rric < +oo should exist for smooth and bounded 
bare disorder 

in dimension d > this generalizes as —mdmFv ~ 
—rn^^^iux)^ ^ —AL'^m^~^. For short range disorder 
since 6 < d/2 this always gives universal corrections to 
the free energy density / = Fy jL'^ = fo + -^'m'^~^ , but 
for sufficiently long range disorder such that 9 > d, then 
the dominant contribution is universal, very much as in 
d = 0. 

it is {xl,ul — u, X, ur — u,xr) in notations of Ref. [2^ 
h{uii — u,Vr) — E^{0,Vii,uii — u) in the notations of 
Ref. m 

For general m, a one thus has P{ui) = u^P{ui/um), 



where 



'^b{u\,U2) and D{y) 



22/3ai/3^-4/3 and 



D{ui,U2) = 

2^'^l''^Em = cr^/^m"^/^ and P ,b are given by the same 
expressions as P and D here setting a = b = 1. Hence 
the check of STS and RG in Section IV-D of Ref.3*! was 
performed using m = \, a = 1/4, as may not be clear 
from the explanation there. 

for y > the function D{y) is the same as the one in 
Ref. ^8. However the definitions differ since here y = ui — 
U2 has arbitrary sign, and E2 — Ei > 0, while in Ref. [1^ 
y = |?ii — it2| and E2 — E\ has arbitrary sign. The end 
result for expectation values are of course identical 
by derivation w.r.t. p the conditions for convergence are 
restored 

note that we have not introduced the factor y in the def- 
inition of u thus it can be set to one in Ref. |3a 
The equations of the two parabolas are —V = {u — u-Cf — 
V2{u — ui) and —V = (u — ui)'^ — {v2 + dv2){u — ui). This 
means that e — U2idv2 

i.e. for a SR correlated gaussian random potential V, 
with non singular two point function at short scale 
lim^^o I lne|^/^u(2;/e, | In ej^/^t/e^) exists 
the case n = 2 corresponds to the LR Flory value = 4/5, 
hence at short scale the SR correlator S{x) of the random 
potential behaves effectively as ~ 1/x, while at large scale 
it remembers that it is short range and flows to the SR 
Kida FP. 

this is automatically satisfied for a finite size system and 
continuous distribution of disorder 
^^'^ note that these equations, as their d = counterpart, 
where found on the basis of all analytic correlation func- 
tions. If they hold they should also imply relations for 
averages of non-analytic observables (such as \u\) 
Note that we have termed these properties strong and 
weak for pure convenience and in any relation to a cus- 
tomary sense in which these terms are used in mathemat- 



ics. 

as d 4~ becomes proportional to a a delta function 
Sx to leading order. 

this equation is valid in any dimension with a — eAdU 
with Ad = cf^{q^ + 1) = e(47r)-'^/2p[2 _ (d/2)]. 

The quantity se was found to be related to third moment 
of susceptibility. Because of vanishing of -D3 to leading 
order it means that in effect re is related to third moment 
of susceptibility. 
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